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Abstract: A felicitous labeling of a graph G, with q edges is an injection f: V(G) — {0, 1, 2,. . ., q} so that
the induced edge labels f“(xy) = (f(x) + f(y)) (mod q) are distinct.
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1. Introduction

Graham and Sloane [1] introduced the concept of a harmonious graph. A connected graph G = (V, E) with | V|
= pverticesand |E| =q (= p) edges is said to be harmonious if it is possible to label the vertices x € V with
distinct numbers f(x) of Z,, the integers modulo g, in such a way that when each edge e = xy is labeled with f * () =
(f(x) + f(y)) (mod q), the resulting edge labels are distinct. If the graph is a tree (with p verticesand g =p -1
edges), it requires exactly one vertex label to be repeated.

To generalize the harmonious labeling and to keep the number of vertex labels that can be repeated to a
minimum, Lakshmi, et al. [2] introduced the felicitous labeling. A graph which admits a felicitous labeling is said
to be felicitous.

2. Definitions

Definition 2.1: A graph G(V,E) consists of a finite non-empty set V = V (G) of p points (called vertices)
together with a prescribed set E = E(G) of g unordered pair of distinct vertices of V. Each pair e = {u, v} of
vertices in E is a line (called edge) of G.

In an edge e = uv, u and v are adjacent vertices; vertex u and edge e are incident with each other. If two distinct
edges e; and e, are incident with a common vertex, then they are adjacent edges. A graph with p vertices and q
edges is called a (p, q) - graph. In this case, p is called the order of the graph and q is the size of the
graph.

Definition 2.2: The corona G; ® G, of two graphs G; and G, is obtained by taking one copy of G; (with p
vertices) and p copies of G, and then joining the i"" vertex of G; to every vertex in the i"" copy of G,.

Definition 2.3 [3]: A cycle with a chord is a graph having a cycle C,, n > 4 and two of its hon — adjacent vertices are
joined by an edge (chord).

Definition 2.4:  Duplication of a vertex vy of graph G produces a hew graph G, by adding a vertex v, with N(vy’)
= N(vg). In other words, a vertex v,’ is said to be the duplication of vy if all the vertices which are adjacent to vy are
now adjacent to v’ also.

Definition 2.5: A linear cactus P,(K,) is a connected graph in which all the blocks are isomorphic to a complete
graph K, and block - cutpoint is a path Pyp..

Definition 2.6: For a graph G, the split graph is obtained by adding to each vertex v a new vertex v’ such that v’ is
adjacent to every vertex that is adjacent to v in G. The resultant graph is denoted by spl (G).

Definition 2.7 [3]: Let G be a graph. A1 —1 function f: V(G) — {0, 1,2, ... , q} is said to be an odd — edge
labeling of G, if for every edge e = uv € E(G), f(u) + f(v) isodd and f * (E(G)) = {1, 3,5, ... , 20— 1}.

Definition 2.8 [3]: Let G be a graph. A 1 -1 function f: V(G) — {0, 1,2, ... ,q} is said to be an even — edge
labeling of G, if for every edge e = uv € E(G), f(u) + f(v) isevenand f * (E(G)) ={2,4,6, ..., 20}

Definition 2.9 [3]: A graph G with g edges is called harmonious if there is an injection f: V(G) — Z,, the additive
group of integers modulo g such that when each edge xy of G is assigned the label (f(x) + f(y)) (mod q), the resulting
edge labels are all distinct. If the graph is a tree (with p nodes and e = p — 1 edges), we require exactly one node
label to be repeated.

Definition 2.10 [4]: For a given graph G, consider 2G. Let u be any vertex of one copy of G. Let u” be the
corresponding vertex in the other copy of G. We define G*,,» = 2G + (uu’). Let G* denote any such graph
G*, for some pair (u, u’) of corresponding vertices. Further, for the sake of convenience, we define (GH’ =G,
(G*)' =G* and (G*)™ = ((G*™Y)*.

Definition 2.11 [4]: A sub graph H of a graph G is said to be an even sub graph of G, if the degree of every
vertex of H is even in H.
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Definition 2.12 [5]: A felicitous labeling of a graph G, with q edges is an injection f: V(G) — {0, 1, 2,..., q} so
that the induced edge labels f (xy) = (f(x) + f(y)) (mod q) are distinct.

3. Basic Results

Theorem 3.1 [5]: Every bipartite graph is a sub graph of a felicitous bipartite graph.

Theorem 3.2 [5]: Let G be a felicitous graph with an even number of edges. Then every cycle C of G contains an
even number of odd edges.

Theorem 3.3 [5]: Cux+2 is not felicitous.

Theorem 3.4 [4]: If a graph G admits an odd — edge labeling, then G* is felicitous.

Theorem 3.5 [4]: Let G be a harmonious (or a felicitous) graph with an even number of edges. Then every even
sub graph G’ of G contains an even number of odd edges.

Theorem 3.6 [4]: No even graph with 4n + 2 edges is felicitous.

Theorem 3.7 [4]: Let G be a graph with an odd number of edges, and let f:v(G)—{0,1,2, ...,
q} be anodd edge labeling of G. Then fis a felicitous labeling of G.

Remark 3.8: Let G be a (p, q) graph. Let f be a vertex labeling. We define f and f, on E(G) as follows :
fi(uv) = f(u) + f(v) and f*(uv) = fi(uv) (mod q) for every uv € E(G).

Remark 3.9: It is observed that as in 3.6, most of the even graphs are not felicitous. So, finding felicitousness for
graphs with even number of edges are very difficult.

4. Main Results

Theorem 4.1: A linear cactus Pn,(Ky) is a felicitous graph.

Proof : Let V(Pn(Ky) ={ui:1<i<m}Pu{v,vi:1<i<m-1}and E(Pn(Ky)) = {(Uitisg) : 1 <i<m -1} u {(u;
V) :1<ism-13ufuiv):1<i<m-13u{(vivi):1<i<m-1FU{(ViUs):1<i<m-1F U {(vi ujs) : 1<
i<m-1}

Define a function f: V(P,(K4)) — {0,1,2,...,q=6(m-1)} by

f(u;) = 3i-2, 1<i<m
f(vi) = 3(-1), 1<i<m-1
fvy)y = 3i-1, 1<i<m-1
The edge labels are as follows :
f*(UiUi+1): 6i-1, 1<i<m-1
f*(UiVi) = 6i - 5, 1<i<m-1
*(vivi) = 6i - 4, 1<i<m-1
*(uvy) = 6i - 3, 1<i<m-1
f*(ViVi+1)= 6i - 2, 1<i<m-1
f*(Vi’lli+1)= 6i, 1<i<m-1
Then, f*(E(Pn(Ky))) = {1,7, ...,6(m-1)-5yu{2,8, ...,6(m-1)-4}U{3,9, .
..,6(m-1)-3Yyu{4,8, ...,6(m-1)-2}u {5,11, ..., 6(m - 1)
-1}u{6,12,...,6(m-1)}
= {1,7, ..., ém-11}u{2,8, ...,6m-10}u {39, ...,
6m-9}u {4,8, ...,6m-8tu {511, ...,6m-7}uU {6, 12, ...,
6m -6}
= {1,2,3, ...,6m-7,6m - 6}.

Hence, Pi(Ky) is a felicitous graph.
For example, a felicitous labeling of P4(K,) is shown in Figure 4.1.

Fig-4.1.
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Theorem 4.2 :  Spl (B, is a felicitous graph for all n.

Proof : Let V(Spl (Bnp) ={up, u s 1<i<n}u {u, v, v, v} U{v, Vv :1<i<n}and E(Spl (Bny) =
{uu):1<isnfufuv):1<isnfu{vv):1<isnfu{@y):1<isnfu{v):1<i<n}u{V
vi):1<i<nju{uu)u @v)u@v)}.

Define a function f: V(Spl (B,»)) — {0,1,2,...,q=6n+3} by
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f(u) = 1, fw) = 6n
f(v) = 2n+1, flv)y = 6n + 2
f(u;) = 2(i-1), 1<i<n
: . |n-1
2i + 3, 1<i<
, 2
flu =
. n- .
2i+5 — | +1<i<n
2
f(v;) = 2(n+i-1), 1<i<n
flv) = 2n +4i+ 3, 1<i<n
The edge labels are as follows :
fi(u uy) = 2i-1, 1<i<n
fi(u vy) = 2(n+1i)-1, 1<i<n
fi(v vy) = 4n+2i-1, 1<i<n
. _[n-1
6n + 2i + 3, 1<i<
fi(u’ uy’) = 2
. n-1 .
6n+2i+5, — | +1<i<n
2
fi(w’ vi’) = 8n+4i+3, 1<i<n
(v’ vi) = 8n+4i+5, 1<i<n
fi(uu’) = 6n + 1,
fi(uv’) = 6n + 3,
fi(w’ v) = 8n+1
Clearly, f1(Spl (Byn)) = {1,3,5 ...,2n-1}u{2(nh+1)-1,2(n+2)-1, ... ,2(2n)
-1}u{dn+1,4n+3,...,6n-1}u{6n+1} U {6n+3} U {6n + 5,
n— n-1
6n +7, ...,6n+2[T—‘+3}u{8n+l}u{6n+ ZIVT—‘ +1,...,8n+
5pu{8n+7,...,12n+3}u {8n+9, ...,12n + 5}
= {1,3,5, ...,2n-1,2n+1, ... 4n-1,4n+1, ...,6n-1,6n
+1,...,8n+5,8n+7, ...,12n+ 3,12 + 5}.

Hence, Spl (B,,) admits odd edge labeling and by 3.7, it is a felicitous graph for all n.
For example, a felicitous labeling of Spl(B,,) is shown in Figure 4.2.

Fig-4.2.

Theorem 4.3. Planar graph Pl is a felicitous for all m and n.

Proof: LetV(Pln,)={ui:1<i<m}u{vj:i<j<n}and E(Plny) ={(uvp):1<j<nfu{(uy):1<j<n}u
{uv) :3<i<m}u{(uvy):3<i<m}

Define a function f : V(Pl,,,) — {0,1,2,...,q=2(m+n-2)} by

f(u;) = i-1, 1<i<m
m, j=1
flv) = JLz(m+j-2). 2<j<n
The edge labels are as follows :
m, j=1
fl(U]_ Vj) = 2(m+j-2), 2<j<n
m+1, j=1
2m+j-2)+1, 2<j<n
fi(upvy) = m+i-1, 3<i<m
fi(uivy) = 2(m+n-2)+(i-1), 3<i<m
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Clearly, fi(Plnn) = {m, 2m, 2(m+1), .. .,2m+n-2}u{m+1,2m+1,
2m+1)+1,. .. ,2m+n-2)+)}u{m+2, m+3, ..., 2m -1} u {2(m+
n-2)+2,2m+n-2)+3, ...,2(m+n- 2)+(m-1}
= {mm+1lm+2 ...,2m-1,2m,2m+1,..., 2(m+n-2),
2m+n-2)+1,..., 2(m+n-2)+(m-1)}.
Then, f*(E(Plyn))= {mm+1m+2 ...,2m-1,2m,2m+1,..., 2(m+n-2),
1,2,..., m-1}
{1,2,..., m-1I,mm+1lm+2 ...,2m-1,2m,2m+1,..
L 2(m+n-2)}
Hence, Pl , is a felicitous graph.
For example, a felicitous labeling of Pl is shown in Figure 4.3.

Fig-4.3.

Theorem 4.4: Cyq © Sy, is a felicitous graph for all k> 1 and m > 1.
Proof : Let V(Cosg O Spp) ={ui: 1<i<2k+ 1} v {Vij i1<i<2k+landl<j<m}and E(Cys © Sp)

= {(Uj Uirg) 1 1< i <2k} U {(Ugiaz Up)} U (U Vi, ) :1<i<2k+1and 1<j<m}
Define a function f: V(Cyt1 © Sp) — {0,1,2,...,9=2k+ 1)(m+ 1)} by

f(u;) = i-1, 1<i<2k+1
For 1<i<2k,
f(Vij) = j2k + 1) +1, 1<j<m
Fori=2k +1,
f(Vij) = j(2k + 1), 1<j<m
The edge labels are as follows :
f1(u; Uis1) = 2i-1, 1<i<2k
f1(Uzks1 U2) = 2k
For 1<i<2k,
f(u; Vij): j2k + 1) + (2i - 1), 1<j<m
Fori=2k +1,
f(uivij): jCk+1)+(i-1),1<j<m
Clearly, fi(Cokss © Sy) = {1,3,5, ..., 2k-1, ..., 2k) -1} u {2k} U {12k + 1) + 1,22k + 1) + 2, . .

omRk+1)+1,12k+1)+3,22k+1)+3,...,m2k+1)+3,...,12k+1) +4k- 1,22k +1) +4k-1, ...,
m(2k + 1) + 4k - 1} U {1(2k + 1) + 2k, 2(2k + 1) + 2k, ..., m(2k + 1) + 2k}.

= {1,3,5 ..., 2k-1, ..., 4k-1}Yu {2k} u{2k+2,4k+3, ...,
m2k +1) + 1,2k + 4,4k +5, ..., m2k +1)+3,...,6k 8k+1, ..., m2k+1)+4k-1} v {4k + 1,6k +2, .
.., m(2k + 1) + 2k}.

= {1,3,5, ...,2k-1,2k, 2k +2,2k+4, ...,4k-1,4k+3, 4k +5, .
..,6k 6k+2, ...,8k+1, ..., m2k+1)+1, mk +1)+3,...,m2k + 1) + 2k, ..., m(2k + 1) + 4k - 1}

= {1,3,5, ..., 2k-1,2k, ...,8k+1, ..., mk+1)+1, m(2k +
D+3, ...,m2k+1)+2k, m2k +1) +2k +1),.. ., m(2k + 1) + (2k + 1) + (2k - 2)}.
Then, f*(E(Cys1 © Sp)) = f1(E(Coks1 © Sp)) (mod (m + 1) (2k + 1))

= {1,2,3, ...,(m+1) (2k + 1)}.
Hence, Coi1 O Sy, is a felicitous graph.
For example, a felicitous labeling of Cs © S, is shown in Figure 4.4.
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Fig. 4.4.
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