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1. Introduction

Let X be a Banach space and E be any setin X. For, z < X setd(xE)=. inf{|z —y| : y € E}
The set E is called proximinal if for any
x € X thereexists = £ E suchthat d(x,E) = ||z — z|| . The point z is called the closest point of E

to x. The concept of proximinal sets in Banach spaces goes back to fourties of the last century, [1].

Proximinal sets in operator spaces was studied in Deeb and Khalil [2]. The problem of best approximation in
LP(1,X), were studied in Khalil [3] ,Khalil and Deeb [4] and Khalil and Saidi [5]. The concept of proximinality, so
was de..ned in metric and normed spaces. But it never been de..ned and studied in general topological vector
spaces. In this paper we study remotality in topological vector spaces, where no metric or norm is available. We
hope that this will be a new direction in theory of best approximation.

2. Basic Definitions
Definition 2.1: Let X he a vector space. A subset E of X 15 called
balanced if Yo € I, |a| < 1 we have o E C E. Where aE = {ae:e € E} E is
called absolutely convex 1f 1t 15 convex and
balanced, and i1z called symmetric if E = —E. Where —F = {—¢ : e &

E} E 1= called absorbing if for each x € X, there exists r € E such that
x € aE Ya > r where aE = {ae e € E}.

Let (X, 7) be a topological vector space. X 1s called locally convex if there
1z a local basis at {0} consisting of open, balanced convex sets.

Observe that, 1if (X, 7) 1= a topological vector space then the translation
function f : X — X : # — x4+ a , for a fixed a £ X, 15 a continuozs (1-1)
funetion. Hence every neighborhood base of {0}

can be translated to be a neighborhood base for any given = 1n X

Through out this paper. we assume that 0 £ (X, 7) has a balanced sym-
metric convex absorbing neighborhood, which we dencte by U(0).
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Remark 2.2. (i). U{a) = U(0) + a 15 a balanced symmetric convex
absorbing neighborhood of {a}.
(z2). tU7(0) 15 balanced symmetric convex absorbing
neighborhood of {0}, ¥t = 0.
(222).A subset E of X iz called bounded if there exists
some t = 0, such that E C ¢U(0)
Notation2.3
(1)tU7(0) = {ty : y € U(0)}. Notice that if 0 < ¢ < 1 then tU(0) C U(0D), and
if 1 < ¢t < oo, then U(0) € tU(0).
(z2) tU(xz) = tU(0) 4+« . Which means we enlarged U(x) 1n all directions by
t, keeping x fixed. We will call x the center of U{x).

Definition 2.4. For any x,y € (X, 7) we define:

(1) [zy] ={tz+ (1 —t)y:0 <t <1} . and we will eall it the segment
jolning x to y.

(22) [zy.—]|=[xy]Uu{ze X yelzr,z]}.

(122) [z, y] =[xz, y]U{z € X :z € [2,y]}

(vi) Ufx, [x,y]) denotes the open neighborhood centered at =, with y &
U (z, [x,y]). So the whole segment [z, y] is in U(x, [z, y]).except y.

Assumption

Let (X.7) be a topological vector space that satisfies the following property:

For any = € X, = & dU(0,1), there existz t = 0 such that t= £ JU(0,1).
Now, let Uz, [z, —tx]) be the open neighborhood centered at x, with —tx &
U (z, [x, —tx]).

So, U(0,[0,tx]) = U(0,1) € Ulx, [x, —tz]), and let us call this property of
(X, 7) the radial inclusion property.

Further, we assume that if = € U(0), such that ¢z € dU(0,1), then U(0)N
Ulx, [x,tz]) = ¢.

Observe that, this property 1s not satisfied 1n every topological vector space.
For example the space (B, Tg4::), since for any z,y, we have [z, y] \ {z} C

Ul (z, [z, y]).

Lemma 2.5. For every .y € X, there exists ¢ £ (0,0¢) such that y £
A(tU(z)), the boundary of tU(x)

Proof. Let us prove the result for *+ = 0. Let y be any element in X_ If
y & dU(0), then [0,y, —] nT(0) # . More precisely, [0,y, —]| naU(0) = {w}.
Then y = tw, and y € dtU(0)_Since the translation map is continuos, then this
result 1s still true for any x € X

3. Proximinality in Topological Vector Spaces
Here we introduce a definition of closest points and proximinal sets. The new definition can be applied in
topological vector spaces that are not necessarily normed spaces.
Definition 3.1
Let E C (X, 7) be any closed subset of X . For x € X, an element e € E 15
called a closest element in F to x if there exists a ¢ = 0 such that

Enod(tU(z)) 2 {e} and EntU(z) = ¢
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The zet of closest elements to = 1n E will be denoted by Pz, E).

E 1z called proximinal if every x € X | # has a closest element in E. In

other words Plz, E)# ¢ forallz € X

Definition 3.2. A set E in X is called ball - compact 1if E N tU(0) 15
compact for all ¢ = 0.

In normed spaces, every finite dimensional subspace E 1= ball - compact.

Theorem 3.1. Let E be a closed ball - compact set in (X, 7) . Then E 15
proximinal.

proot: Let x € X/E . Since X/E i3 open, then there exists some 5 = 0

such that E M sU(x) = ¢. Let ¢ = 0 such that E' N tU(x) # ¢. Let ¢, be a
sequence of positive rationals which 1z decreasing and such that

E nkU(z)=¢ where k < limt, ............_.(%)

Choose x, from E M t,U(x). Since ¢, 1s decreasing, then
EntyU(z) 2 EntU(x) 2 EntsUlx) 2 e

Thus ( =, ) can be considered as a sequence in E M ;U (x). But E 15 ball -
compact.

Hence ( x, ) has a subsequence ( x,,_ ), say, such that x, —— e Now e £
E since E 1= closed. Further,

ec ﬁ (Ent,U(x))
n=1

, since &, € t,U({x) which is a shrinking sequence of closed sets. Thus

ec En [ﬁtﬂU(ﬂcjj

n=1
Hence -
ec [tUlx)
=1

However -

ﬂtﬂU(ﬂ:j =t,U(x)

n=1
where £, = limt,. Since

th(z) 2 t:Ulx) 2 t:U(x). ..,
then

ec Fandec (t,U(x))
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Further from (%) we get
e £t U(x)

Hence e € 9(tU(x)).Thus e is closest element to x.

Theorem 3.2. The set U(0) 1s proximinal in (X, 7)

Proof. If x € U(0), then P(z E) = {z} Solet x ¢ X\ U(0). Since

[7(0) 1z absorbing, then there exits some s > 0 such that sz £ 3U(0) .

Consider the set Ulx, [z, sx]]. So sz € Uz, [z, sx]]. But sz € dU(0).

Hence by the assumption on (X, 7), we get Ulx, [z, sx]| nU(0) = o.
Thus sz 1z the closest element to x 1n U(0).
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