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Abstract: In a recessionary and deflationary framework, the discretionary monetary policy cannot be
optimal when the interest rate is already near zero and cannot decrease anymore. Indeed, when the Zero Lower
Bound is binding, a negative demand shock implies a decrease in the current economic activity level and
deflationary tensions, which cannot be avoided by monetary policy as the nominal interest rate can no longer
decrease. The economic literature has then often recommended to target an inflation rate sufficiently above
zero in order to avoid the dangers of this Zero Lower Bound (ZLB) constraint. On the contrary, provided the
ZLB is not binding, monetary policy can efficiently contribute to the stabilization of economic activity and
inflation in case of demand shocks. The variation in interest rates is then all the more accentuated as interest
rate smoothing is a more negligible goal for the central bank. The contribution of our paper is to provide a
clear analytical New-Keynesian framework sustaining these results. Besides, our analytical modelling also
shows that even if the ZLB is currently not binding, the central bank should take into account the dangers of a
potential future binding ZLB. Indeed, the interest rate should be decreased the fastest as a negative demand
shock and the possibility to reach the ZLB is anticipated for a nearest future period. Our paper demonstrates
the necessity of such a ‘pre-emptive’ active monetary policy even in a discretionary framework, which has the
advantage to be time-consistent and to be in conformity with the empirical practices of independent central
banks. We don’t have to make the strong hypothesis of a commitment monetary policy intended to affect
private agents’ expectations in order to demonstrate the optimality of such a pre-emptive monetary policy.
Keywords: Monetary policy discretionary policy; New-Keynesian models; Zero lower Bound; Demand shocks.
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1. Introduction

The oil crisis in 1973 demonstrated the dangers of high inflation rates and self-fulfilling inflation expectations.
Indeed, in situations of hyperinflation, money and real cash reserves loose part or all of their value. Inflation then
causes distortions in the inter-temporal allocation of consumption, due to the reduction in the real rate of return on
saving; cash of creditors and saving are then discouraged. A high inflation rate is also more liable to create problems
of distortions in relative-prices; besides, the tax system is distortionary, and it is not inflation neutral. Feldstein
(1996) thus insists on the inflation-induced distortions in the lifetime allocation of consumption, in the allocation of
households’ spending between housing (inflation reduces mortgage tax deductions for interest payments) and other
forms of consumption, and regarding the difficulties to make financial and portfolio investment decisions (smaller
real value of depreciation allowances and higher effective taxation of capital profits). Woodford (2003) also insists
on the fact that price stability should be the main goal of a central bank, in order to avoid real distortions: in
aggregate employment and output, in the sectorial composition of the economy and in resources allocation.

On another hand, the Japanese context in the 1990s proved the dangers of a deflationary situation. Indeed, as
mentioned by many authors (see below), for very low inflation rates, the monetary authority has a very weak margin
of manoeuver to reduce the nominal interest rate (which cannot fall below zero) in order to enhance economic
activity: it is the problem of the Zero Lower Bound (ZLB) on the interest rate. Indeed, when expected inflation is
zero, then it is very difficult for monetary policy to engineer a negative short-run real interest rate. Therefore, once
short term rates fall to zero, for weak inflation rates, conventional monetary policy instruments no longer work to
stimulate economic activity. In this framework, it seems that the lower the inflationary target, the less stable
economic activity will be.

Besides, a positive inflation rate is also useful if firms want to reduce real wages in a framework of nominal
wages downward stickiness Akerlof et al. (1996) provide a very detailed survey of empirical evidence confirming
this relative rigidity in the United-States]. With such downward wage rigidity, employers prefer the strategy of wage
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freeze, where real wages decline by the amount of inflation. Therefore, we can underline that the empirical
observation of a downward price rigidity is closely linked to the context of economies experiencing a positive
inflation rate. Schmitt-Grohé and Uribe (2010) also underline other arguments usually mentioned to justify the
optimality of a positive inflation rate: incompleteness of the tax system and necessity to tax profits which otherwise
would remain untaxed, quality bias in the measurement of inflation. A deflationary situation also implies the risk to
increase the real service of the public debt, and to be highly difficult to sustain for public finances. So, fixing the
inflation rate at some appropriate level is fundamental; this level should be low but positive: typically 1 to 3% per
year according to Fischer (1996).

So, many central banks have tried to define optimal inflation rates; in particular, the statutes of the European
Central Bank (ECB) mention a goal of price-stability, which is to maintain “a year-on-year increase in the
Harmonised Index of Consumer Prices (HICP) for the euro area of below 2%” (article 105 of the Maastricht
Treaty), but close to 2% over the medium term. The Federal Reserve calls 2% a ‘longer-run goal’. However, this
figure of a 2% inflation rate is mostly conventional, as no econometric study really sustains the value of this optimal
inflation rate. Besides, since 2008, the financial and economic crisis has forced the FED and the ECB to decrease
their nominal interest rates to levels near zero, without succeeding to avoid the increase in unemployment and the
harmful recessionary consequences of the economic crisis. Therefore, this situation has revived the debate on the
optimal inflation rate, which should not be too low in order to avoid the Zero Lower Bound.

Furthermore, in Europe, monetary unification involved new difficulties. Indeed, the ‘optimal monetary policy’ is
probably not the same for the member countries of the Economic and Monetary Union (EMU), with distinct inflation
and growth rates (cyclical conditions) and levels of economic development (structural conditions). In this context, a
common monetary policy and a common interest rate could contribute to increase imbalances (for example in current
account positions) and structural divergences in the EMU. Within the Eurozone, when the real interest rate is too
low, it accentuates expansionary tensions in countries with above average inflation rates, whereas when it is too
high, it accentuates recessionary tensions in countries with below average inflation rates. Indeed, inflation
differentials are persistent, as the adjustment through the real exchange rate channel or in relative price-
competitiveness between EMU member countries takes a very long time. It is the ‘one size fits none’ problem of the
ECB, whose monetary policy has asymmetric and pro-cyclical consequences on the member countries (Padoa-
Schioppa Group, 2012).

Besides, achieving a low inflation level through central bank independence has been an historic
accomplishment. Nevertheless, Blanchard et al. (2010) mention that the framework of the economic and financial
Crisis after 2007 strongly modified the consensus on appropriate macro-economic policies. Monetary policy was
supposed to be efficient in targeting a given stable inflation rate with the help of its instrument: the interest rate
(Blanchard et al., 2010). However, the economic crisis proved that targeting a core inflation index may not be
sufficient to stabilize the out-put gap, and that imbalances (current account deficit, excessive housing investment,
etc.) may arise. Mainly, the crisis revived the debate on the cost of the Zero Lower Bound (ZLB), and thus on the
necessity to target a higher inflation rate (around 4%) than previously assumed, in order to avoid that this constraint
be binding. A too low inflation target will interfere with the success of monetary stabilization policy, because this
policy will too frequently be constrained by the Zero Lower Bound on nominal interest rates. This argument began
to be taken more seriously by both central bankers and monetary economists after Japan reached the zero bound in
the late 1990.

Williams (2009) underlines that the Crisis forced many central banks to reduce their interest rates to levels near
zero. Then, the ZLB and the incapacity to reduce further interest rates could be responsible for the helplessness of
monetary policy and for the slowness of the recovery in the United-States. Indeed, the empirical estimates of the
author show that an inflation target of 2% or lower could have non-negligible costs in terms of macroeconomic
stabilization, if monetary authority follows a classical Taylor rule. In the current framework of relatively low steady-
state real interest rates (which have decreased from around 2.5% in the 1980s to near 1% during the Crisis in the
United-States), the ZLB would argue for a higher targeted and steady-state inflation rate, especially in a context of
greater volatility of disturbances. This question of the dangers of the ZLB has been largely underlined and studied in
the recent economic literature.

For example, Fuhrer and Madigan (1997) find that with small negative spending shocks, long term real interest
rates can decline in order to limit the decreasing path in output. However, for large shocks persisting a few quarters,
the output path can be more hardly constrained in a low inflation scenario (hear zero) than in a high inflation
scenario (near 4%). In the same way, using a standard macroeconomic New-Keynesian model calibrated to U.S. data
accounting for the danger of the ZLB, Billi and Kahn (2008), estimate the optimal inflation rate between 0.7% and
1.4% (under extreme model uncertainty) per year as measured by the Personal Consumption Expenditure price index
adjusted for the upward measurement error. More precisely, with the help of a small New-Keynesian model, Billi
(2007) underlines that the inflation rate maximizing the global well-being of the representative consumer depends on
the credibility of commitments of the central bank. If a government could optimally commit to a plan for all future
policy decisions, or to an inertial Taylor rule strongly limiting variations in comparison with the previous interest
rate, the optimal long run inflation rate could be very low, below 1%. In the opposite case, if a government could re-
optimize discretionally during each period, the optimal inflation rate would be much higher, between 13.4% and
16.7% (in case of extreme model misspecification). Therefore, for a government which cannot credibly commit, an
inflation target much higher than 2% would be necessary as insurance against the ZLB. Indeed, given its
impossibility to create credible inflationary expectations, a government should have a higher inflationary goal,
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because it is then the only way to avoid the dangers of a deflationary spiral in a context of high persistence in the
inflation rate.

In the same way, Eggertsson and Woodford (2003) mention that in a framework where deflation has become a
credible risk, it could be necessary to take this into account, for example by targeting a sufficiently high inflation rate
even in normal times. A sufficiently high inflation target could allow to avoid the deflationary and recessionary
situation when the ZLB is binding. Orphanides and Wieland (1998) use a small structural rational expectations
model with forwards looking behaviour by economic agents and staggered wage contracts, calibrated to the U.S
situation in the 1980s and in the 1990s. Then, they find that the consequences of the ZLB would be non-linear: they
would remain quite insignificant for an inflation target of 2%, but stabilization performances would be hardly
deteriorated with a target between 0% and 1%. Thus, the ZLB seems to generate a non-vertical long-run Phillips
curve: output falls increasingly short of potential with lower inflation targets, recessions becoming more frequent
and longer lasting.

More precisely, Kato and Nishiyama (2003) show that in the presence of a ZLB on the nominal interest rate, the
monetary reaction function is nonlinear, more expansionary (the interest rate is smaller), and more ‘aggressive’ (the
interest rate reacts more to variations in the current inflation rate or output gap) than the usual Taylor rule.
Approaching the ZLB, the central bank must cut the interest rate more aggressively and conduct a more
expansionary monetary policy, in order to prevent the economy from falling in a deflationary spiral. According to
this rule, it seems that empirically, the Bank of Japan was conducting a too soft and naive monetary policy in the
early 1990s, whereas the zero interest rate policy was more aggressive and well fitted after 1995. Using a simple
calibrated open-economy model, Orphanides and Wieland (2000) also demonstrate that with a ZLB on the interest
rate, the optimal monetary policy is a non-linear function of the inflation rate: it should be more ‘aggressive’ as the
nominal interest rate approaches the ZLB. As inflation declines, policy turns expansionary sooner and more
aggressively than would be optimal in the absence of the ZLB. Therefore, this implies an upwards bias regarding the
inflation level, in order to reduce the variability of inflation due to the ZLB and to the potentiality of a deflationary
framework, and in order to improve economic stabilization.

Ball (2013) even assesses that a 2% inflation target is likely to constrain monetary policy in a large fraction of
recessions. On the contrary, a 4% inflation target would ease the constraints on monetary policy arising from the
zero bound on interest rates, with the result that economic downturns would be less severe. According to him, this
benefit would come at minimal cost, because an inflation rate of 4% does not harm an economy significantly. If the
interest rate channel is constrained by the ZLB, Orphanides and Wieland (2000) mention that another channel can be
very useful to sustain economic activity. In an open-economy framework, the exchange rate channel can intervene.
Indeed, in a deflationary framework, monetary easing, even if the interest rate cannot decrease anymore, can
contribute to devaluate the real exchange rate, to sustain exports and thus the level of economic activity. Modifying
and easing the credit conditions can also be another monetary tool when the ZLB is binding. However, the authors
mention that these effects appear as quantitatively small and uncertain, in comparison with the direct interest rate
channel.

So, a first implication of the ZLB is that the central bank should target an inflation rate which is higher than
previously assumed, in order to avoid the deflationary risk. Besides, a second teaching of the economic literature
putting the stress on the ZLB is that optimal monetary policy should be inertial. For example, Jung et al. (2005)
argue that the optimal path of monetary policy is policy inertia. Indeed, in case of an economic downturn, a central
bank should make credible commitment to a future expansionary monetary policy, in order to avoid the deflationary
bias of the ZLB. A zero interest rate policy should be continued for a while after the natural rate of interest returns to
a positive level, in order to achieve lower nominal long-term interest rates and higher expected inflation. Gelain
(2007) uses a backwards looking model with adaptive expectations, auto-regressive inflation and output-gap
functions, in order to estimate the behaviour of the ECB for the period 1995-2003. Then, given the strong inflation
persistence in Europe, he underlines that a high degree of interest rate smoothing would be optimal for the ECB.
Williams (2009) also assesses that an inertial Taylor rule smoothing variations in interest rates would be the most
efficient regarding macro-economic stabilization, if it helps anchoring expectations and if the latter are not too
disturbed by a prolonged episode of low inflation and interest rates.

In the same way, Woodford (1999) shows, in the context of a simple model of optimizing private-sector
behaviour, that an inertial monetary policy is usually optimal, adjusting interest rates only gradually in response to
changes in economic conditions. Indeed, small but persistent changes in short-term interest rates in response to
shocks allow a larger effect of monetary policy on long-term rates and thus on aggregate demand, for a given degree
of overall interest-rate variability. According to the author, a credible commitment to an optimal (highly inertial)
feedback rule on the part of the central bank should not require large movements of short-term interest rates in
equilibrium; highly persistent low-amplitude variations are sufficient to achieve a desirable degree of inflation
stabilization. Therefore, Woodford (1999) assumes that, whereas discretionary monetary policy is usually
suboptimal, it would be efficient to make monetary policy ‘history-dependent’. In a framework where the ZLB can
be binding, the option, for the central bank, is to create the right expectations regarding how monetary policy will be
used after this constraint is no longer binding. During a liquidity trap, a strong policy commitment that interest rate
will be kept low for a longer period can create inflationary expectations, reduce economic contraction and sustain
demand, even if interest rates cannot further be decreased. Therefore, Eggertsson and Woodford (2003) are also in
favour of a history dependent monetary policy relying on past conditions, even though the latter are in principle
irrelevant to the degree to which the stabilization goals of the central bank could be achieved from then on.
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Evans and Honkapohja (2005) also underline the possibility of a ‘liquidity trap’, the economy converging and
then being trapped in a deflationary and recessionary situation, in macro-economic frameworks where agents have
perfect foresight/ rational expectations. However, they show that in the framework of adaptive expectations, fiscal
policy is of limited usefulness and must remain passive (an active policy would imply an outbidding of the public
indebtedness without increasing prices). On the contrary, raising the threshold for an active monetary policy, a huge
increase in monetary supply if inflation is below a threshold and a more aggressive monetary policy can dislodge the
economy from the liquidity trap (low inflation steady state), and ensure a return to the targeted higher inflation rate.
In the same way, in order avoid deflationary spirals, Evans et al. (2008) recommend a combination of aggressive
monetary and fiscal policy triggered whenever inflation threatens to fall below an appropriate threshold. In contrast,
policies geared toward ensuring an output lower bound are insufficient for avoiding deflationary spirals. Besides, an
aggressive monetary policy should better be adopted quite early, before a still non negligible threshold, and should
be in place before negative expectations shocks impact the economy.

So, the aim of our paper is to contribute to this debate on the optimal discretionary monetary policy in a
framework where the Zero Lower Bound can potentially be binding, and the paper is then organized as follows.
Section 2 describes the demand and supply New-Keynesian functions used to derive our main results. Section 3
solves the model and describes the optimal monetary policy in a discretionary framework where the central bank
cannot commit. Section 4 describes the optimal monetary policy when the ZLB is binding, while section 5 describes
this monetary policy when the ZLB is not binding. The sixth section concludes the paper.

2. The Model

Our study will adopt the standard framework of a small New-Keynesian model [see for example Clarida et al.
(1999), Evans and Honkapohja (2003a); (Evans and Honkapohja, 2003b) Gali (2008), or Woodford (2003) for a very
extensive presentation], made of a representative household and of a representative firm.

Dynamic Stochastic General Equilibrium (DSGE) models are used by the European Central Bank or by the
Federal Reserve in formulating monetary policy. Individuals make decisions about consumption and labor supply
that maximize their economic well-being subject to constraints based on their wealth. Firms set prices that maximize
profits and demand factors of production, such as labor and capital, in ways that minimize their costs. Nominal wage
and price rigidities imply that prices are only randomly adjusted according to a markup over current and expected
marginal costs. These models are also dynamic: economic variables depend on expectations about future outcomes
and variables.

DSGE models account for the inefficiencies inflation causes when it distorts relative prices and leads consumers
and firms to make suboptimal decisions. As mentioned by Woodford (2003), the introduction of nominal wages and
prices rigidities and temporary differentials in the evolution of relative prices in various sectors of the economy is
necessary to justify the usefulness of the price stability goal for the central bank. It also implies differentials between
effective and potential output, non-trivial real effects of monetary policy, and therefore it justifies an output
stabilization goal for the central bank. Therefore, nominal rigidities and non-neutrality of monetary policy are key
characteristics of New-Keynesian models. However, these models usually lack a full description of government
spending and taxation, and thus they ignore the distortions that inflation causes in a tax system that is not fully
indexed.

All economic variables are expressed as deviations from their non-stochastic and long run steady state values,
which could be observed with a growth rate corresponding to the constant trend or potential output growth rate. In
order to study the consequences of openness, our model considers many countries and small open economies, i.e.
which have not in isolation any influence on global and average variables. The productivity shocks can differ
between countries. However, for simplicity, all countries share the same preferences. Financial markets are assumed
to be complete both at the national and international level in the framework of a monetary union (risks are fully
shared among households), and countries share the same common interest rate.

2.1. The Households and the Demand Equation

Aggregate demand for the country (i) results from the log-linearization of the Euler equation, which describes
the representative household’s expenditure decisions. We suppose that the economy (i) is populated by a unit
measure of households indexed by (i). In our model, the representative household provides labour and it consumes
goods. In a given period (T), the representative household/consumer in country (i) maximizes an inter-temporal
utility function:

max Y BTEU,] (1)
t=T

Where: Ey() is the rational expectation operator conditional on information available at date (t), and (B) is the
time discount factor. Prices of goods, interest rates, taxation rates and wages are then taken as given by the
representative household. Besides, this maximization is subject to the life time and inter-temporal budget constraint,
for whatever date (T) considered at which the actualization is realized:

C; - i M:
Co+E Z it+1 L E z t+'1 it+1
L oy B CRe LA e I B CR |
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With, in the country (i) in period (t): (C;,): real consumption; (M;;): monetary base held; (P;y): level of prices;
(Wiy): nominal hourly wage; (t¢): taxation rate on personal income; (L;): hours worked by the household; (m;):
inflation rate; (ir): nominal interest rate; [r;=i--E(mi1)]: real interest rate.

Current consumption and real money balances as well as anticipated consumption levels and real money
balances after the current period (T), mustn’t exceed current real activity revenues and anticipated revenues for all
future periods after the current period (T). Therefore, in this model, we allow for the possibility to borrow from one
period to another, but we limit anticipated future revenues in order to avoid the possibility of Ponzi schemes.

Furthermore, Woodford (2003) demonstrates that if the interest rate on the monetary base is null, frictions
justifying the demand for money are necessary, in order to obtain an equilibrium path for the price level. Otherwise,
without a positive interest rate on the monetary base, it would be impaossible to derive the inflationary consequences
of monetary policy. Therefore, for example, Wolman (1998) explicitly models money demand, using a shopping-
time technology: consumers hold money in order to economize on transactions time. Holding the medium of
exchange provides transaction services that reduce the time and other resources needed in ‘shopping’ for the
numerous distinct consumption goods; it economizes on the use of credit which is costly. In order to justify money
demand, the author assumes that ignoring money demand would also mean ignoring the welfare cost of positive

nominal interest rates. So, in our model, we suppose that the opportunity cost of holding money is equal to (i),

where (i) is the interest rate on a risk free investment, supposing that no interest rate is paid on the monetary base.
We suppose that the utility function of a representative household has the form:
Uy =a L(c- YT 4 anf Mie) _ g2 __j0+o) 3)
it — Yc ®-1) it m Pi,t 1(1 + (P) it

The indices (0<a.<1), (0<ayn<1) and (0<m<1) are the respective weights given to consumption, detention of
money balances and leisure in the utility function.

Utility is an increasing and concave function of (C;;), an index of the household’s consumption of all goods that
are supplied; (6>0) is the elasticity of intertemporal substitution. Utility is also a decreasing and convex function of
hours worked (L), and (¢=0). Furthermore, for example, Woodford (1996), Woodford (2003) or Eggertsson and
Woodford (2003) also introduce real money balances (m;=M;/P; ) held by households in period (t) to carry over in
period (t+1) in their utility function, as they obtain liquidity services from the detention of a fraction of the real
monetary base, facilitating transactions. Utility increases with real money balances until a given satiation level (m.,).
Utility is then an increasing and concave function of money balances held by the representative household: *(m;)>0
and f’(m;)<0, at least before the satiation level for real money balances is reached. However, for (i=0), the maximal
level of money balances (my,) is held, and dU;,./dm;, = 0. Besides, (Woodford, 2003)Woodford mentions that we
can justify the additive separability, in the utility function, between consumption and real money balances, by the
weakness of the transactions made in cash (monetary base) in comparison with total national income or households’
consumption levels. The economy would be a ‘cashless limiting economy’.

In this context, the result of the maximization of equation (1) under the constraint (2) implies the following first
order Euler conditions, regarding timing of expenditure decisions and inter-temporal substitution, for whatever
period (T):

OUyr OEr(Uyr+1)
9Cir =P +7r) 0Cir41
Uiy PA+ire)ir(A+17) 0Er(Uirss)
O(Myr/Pyr) ir41(1 +i7) OMir+1/Pir+1)
oUir B(L+ 71 )Wir(1 = tir)Pirsr OErUirir) @)
dLir Wirs1(1 = tirs1)Pir OLir41

. 1
ZZ": = a.(C;r)" 8, and therefore: equation (4)

Furthermore, we can mention that according to equation (3),
implies, (TT):
1
= [——1%E;(C; 5
[B(1+ri‘7‘)] T( l,T+1) ( )

So, in logarithms, with log(1+r; t)~(ri 1) provided (r;T) is sufficiently small, we have:
¢y = —6logB — 67y + Er(cirsq) (6)

Cir

Besides, for the representative agent in the country (i), we obtain the following optimal substitution between
consumption, money balances and working time, if we exclude the case of the corner solution with zero money
balances:

an,T _ (1 + lT) an,T Pi,T an,T (7)

0Cr  \ iy JO(Mir/Pir)  Wip(1—tir)OLir
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Therefore, a higher nominal interest rate reduces the marginal utility of money balances. Furthermore, a higher real
wage net of taxes reduces the marginal utility of leisure and increases the one of labour. So, regarding the labour
demand, we have:

aU; W; (1 —t;7)0U; W;r(1 -t 1
LT _alLfT - _ l,T( l,T) vr l,T( l,T) ac(ci,T) 2] (8)
oL Pir 9Cir Pir
In differential and in logarithms, we have:
1 1 1 a; 1
lir = P (Wir —pir) — ? tir + EIOg <Z> - @Ci,r €))

So, labour supply increases with the real wage, but it decreases with the taxation rate (t; 1) and with the disutility
of working time (¢).

As explained in McCallum (2000) or McCallum and Nelson (1999), the resource constraint in the economy is
that the GDP growth rate can be divided in four components: growth rates of consumption (cy), investment (invy),
public expenditure (g;) and net exportations (exp;), whose average relative shares in GDP are (z1), (22), (z3) and (z,).
So, we have:

Yir = Z1Cip + 2oy + Z3gir + Zsexpir with: Z?:l zz=1 (10)
Therefore, equations (6) and (10) imply:
Yir = Et(Yi,T+1) +Z; [iTWi,T - Et(invi,T+1)] + Z3 [gi,T - Et(gi,T+1)] + Z4[expi,T - Et(expi,T+1)] — z,0logf
- 2197"1-,7- (1 1)
So, in differential with respect to a potential output level, equation (11) becomes:
(yi,T - in?T) = ET(yi,T+1 - yfT—{-l) + Zz[im’i,T - ET(invi,T+1)] +z3 [gi,T - Et(gi,T+1)]
+z,expyr — Ec(expiri1)] — z16l0gB — 2,6[ir — Er(mi741)] — yir + Et(yfT+1) (12)

Therefore, with (o = z,6), and with: logp = —log(%) = —log[1+ (%)] ~— “%f” as (1-B) is small, we have

the final equation:

Xt = ET(xi,T+1) - U[iT - ET(”i,T+1) - ﬂ] (13)

e (x;y): output-gap, differential between effective output and its potential level (y; ; — yft);

e (0): real interest rate elasticity of the output-gap, ‘inter-temporal elasticity of substitution’ of household
expenditure.

o (71¢): equilibrium or natural real interest rate, which corresponds to the steady-state real rate of return if
prices and wages were fully flexible. It is the real rate of interest required to keep aggregate demand equal
at all times to the natural rate of output. It includes all non-monetary disturbances: shock on preferences (),
shock on long-run potential output and on productivity, exogenous change in short run public expenditure,
etc. Indeed, even if we want to insist on the implications of nominal rigidities for monetary policy, we must
take into account real disturbances. This natural interest rate is as follows:

___(-p)

LT ﬁ

z z z 1
+ ;2 [invir — Er(invire,)]| + ?3 [9ir — Er(gir+1)] + ;4 [expir — Er(expirs1)] — p e

— Er(¥/rs)] (14

Therefore the equilibrium real interest rate decreases with (B), and it increases with the impatience of
households to consume; it also increases with the temporary increase in government expenditure, in investment or in
net exports, and it decreases with the temporary increase in productivity and in potential output.

In the economic literature, a positive demand shock (o7, ;) on the equilibrium real interest rate is often modelled
as a white noise. For example, such a shock could follow a path like the following: aﬁ=par‘,,t__1+sid
ell~idd(0,07%) 0<|p| <1.

So, according to equation (13), higher future expected output increases current output and consumption, because
households prefer to smooth consumption, and then higher future revenues raise their current consumption and
current output. Current output is also a decreasing function of the excess of the real interest rate above its natural
level, because of the inter-temporal substitution of consumption.

2.2. The Supply Equation

We suppose a continuum of firms indexed by (i). The representative firm (i) produces a differentiated good in a
monopolistic competition setting. It defines prices in order to maximize its profit, taking other variables as given.
Capital is supposed to be fixed in the short run, whereas labour is defined according to the maximization program of
households in (9). It is the only factor of production which is variable in the short run. Monopolistic competition
gives to goods suppliers a market power regarding price-setting, while at the same time fitting the empirical evidence
of a large number of firms in the economy. However, each firm is supposed to use the same technology. So, the
production function has the following form, for the representative, competitive firm (i):

Yo = AgLit” O<v<l  (15)
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Where (A;y): technology or productivity shock, common to all firms in a given country, and evolving
exogenously over time; (L;y): number of hours worked; (v) represents the decreasing returns of the production
function.

Let’s consider a Calvo-type framework of staggered priced, where a fraction (0<a<1) of goods prices remain
unchanged each period, whereas prices are adjusted for the remaining fraction (1-a) of goods. Monopolistically
competitive firms choose their nominal prices to maximize profits subject to constraints on the frequency of future
price adjustments, and taking into account that prices may be fixed for many periods. So, they minimize the loss
function:

Ming, > @B — piew)®  (16)

k=0
Where (p;,) is the logarithm of the optimal price that a firm (i) will set in period (t) if there were no price rigidity.
The firm minimizes expected losses in profit for all future periods (t+k) due to the fact that it will not be able to
set a frictionless optimal price in this period (t+k).These losses are subject to the actualization rate (), as closer
profits are given a higher weight than more distant ones. Besides, the probability that the price (p,) will be fixed for
(k) periods, until the period (t+k) is (a). Thus, by deriving in function of the reset price (p,;), we have:

Z(aﬁ)km L Z(aB) (i) (7)

Fie = (1— o) Z(as)"Et(pzin) (18)

Therefore, the firm (i) tries to set the optimal reset price (p,;) to the level of a weighted average of the prices
that it would have expected to reset in the future if there weren’t any price rigidities.
The optimal strategy of the firm (i) is to fix prices at marginal costs: p;, = mc; ., where (mc;) is the nominal
marginal production cost of the firm (i).
Prices in period (t) are an average of past prices and reset prices:
Pit = QPie—1 T (1 a)pie (19)
So, by comblnlng equations (18) and (19), we obtain®:

a
Lt = (1—-a) Dit — = )plt 1= (O‘B)Et(Pl t+1) + (1 —aP)me;
ap a?B
= mEt(piJHl) L + 1 —ap)me;; (20)
Therefore, we obtain the following equation:

T = BE; (T[i,t+1) + w(mci,t - pi,t) 21)

Inflation then depends on expected future inflation, and on the gap between the frictionless optimal price level
and the current price level, i.e.: on the real marginal cost. Indeed, inflationary pressures can be due to the fact that
prices which can be reset by firms are increased.

Now, we have to clarify the expression of the real marginal production cost for the firm (i) [see for example:
Woodford (1996) Woodford (2003) or Gali (2008)]. According to equation (15), the number of hours worked is:

L= )1 v, and the variable production cost of the quantity (Yi,) is: W;.L;, = Wlt( )1 v. So, differentiating
this expressmn the nominal marginal production cost of the quantity (Y;y) is:
O(WieLie) Wit 2
Sy =T V)T (22)
v ApTv(1-v)
So, in logarithms and in variations, we obtain the following real marginal production cost:
1
MCie = Pie = Wi ~ Pie — 7 it~ log(1 —v) + Vit (23)
Afterwards, the expression of the real wage in equation (9) and the equmbrlum condition in (10) imply:

1 Zy Z3
—Pit = @l + i — 10g( ) T =Y — ;lnvlt - _glt expi,t (24)
Besides, the real production in equation (15) |mpI|es. lir = Eyi'f - ﬁai't
So, with (23) and (24), we obtain the following real marginal production cost:
p+v 1 1+ ac Zz . Z3 Zy
(mcie — pie) = <—U ;) LT T g it +t;, —log <0-’_z> Ve =i~ eXPig

o
—log(1 —v) (25)

! Equation (18) implies: p,; = (aB)Et(p:;) + (1 - aP)pj

Equation (19) implies: p;; = = a)plt - a)plt 1-
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Therefore, we can mention that real marginal production costs are pro-cyclical, and are an increasing function of
the output gap: indeed, a production higher than its potential level increases marginal production costs faster than
prices, with more competition for the available factors of production.

Finally, by combining equations (21) and (25), we have the following supply function for the country (i) in a
given period (T):

ir = BEr(Mirs1) + KekoXir (26)
1—-a)(1—«a +v 1
with I = QA 7B ("’ _>
(1+¢) 1 1 G- t-v o
p [ —v)a. Zy Z3 Zy
Yir Ky (1 — v) air K, T + K, og| e 1+ k,0 inv;r + kzo_gl,T + kyo exp;r

So, the inflation rate depends on its anticipated value for the future period. It is also proportional to the log
deviation of output from its flexible counterpart (output gap), to the excess of the production supply in comparison
with the natural level of output if prices were flexible. Equation (26) is then the simplest form of the New-Keynesian
Phillips curve. However, this equation could still be complicated by the introduction of inflation inertia, or the
distinction between nominal wages and prices stickiness.

o (kiky) is an indicator of price flexibility. This parameter decreases with the indicator of price-stickiness and
the parameter (o), the longer the average time interval between price changes. It increases with the measure
of decreasing returns in the production function (v). In the same way, price flexibility decreases with the
inter-temporal elasticity of substitution in private consumption (c), and with the time discount factor (3).
Finally, it increases with the dis-utility, for households, of labour supply (), as labour supply is then elastic
to the level of the real wage.

. (yft) is a positive productivity or deflationary supply shock increasing the potential output. It corresponds
to a mark-up shock unrelated to variations in economic activity, decreasing marginal costs. It can depend on
frictions in the wage contracting process, pushing real wages away from their equilibrium values. It
increases with positive productivity shocks, with positive shocks on investment, on public expenditure or on
net exports, but it decreases with taxation rates. For example, such a supply shock could follow a path like
the following: yf, = &7,_, + &  &~idd(0,0%) 0 <[4 < 1.

2.3. Preferences of the Central Bank

The preferences of the central bank can be given micro-foundations. The objective function is then derived as a
second-order Taylor series approximation to the level of expected life-time utility function of the representative
household. As mentioned by Svensson (1999), the corresponding optimal interest rate will then be derived from the
assignment of a loss function to minimize, and we will define an optimal targeting rule, and not an instrument rule
expressing the interest rate as a prescribed function of predetermined and/or forward-looking variables of the model.
The optimal interest rate will be the endogenous result of the optimization of a loss function, and many useful
information can intervene as intermediate variables. Therefore, we will consider in this paper that the welfare
objective is a decreasing function of quadratic variations in the inflation rate or in economic activity in comparison
with their optimal values Woodford (2003).

We suppose that the central bank’s inter-temporal loss minimization problem is realized in the framework of a
quadratic loss function with ‘flexible inflation targeting’. This term was first mentioned by Svensson (1999), in order
to define a monetary policy which would not only be concerned with inflation stabilization, but which also attaches a
non-negligible weight to output stabilization. Svensson (2000) mentions that ‘flexible inflation targeting’ is usually
more efficient than a monetary policy of strict inflation targeting, as it induces less variability in variables other than
inflation, by effectively targeting inflation at a longer horizon. Such a modelling is adopted in Billi (2007) or Jung et
al. (2005), for example, also taking into account the non-negativity constraint on nominal interest rates. The
instrument of the central bank is the short term nominal interest rate, and it chooses the path of all future nominal
interest rates {io iy,...} in order to minimize the following loss function:

Min )" BB [y, = ) + ACre = ') + iy — ie)?] - (27)
t=0

Where: (0<p<1) is the time discount factor,
(A>0) and (p>0) are the respective weights given to the goals of stabilizing the output gap and smoothing variations
in interest rates in comparison with the goal of targeting an inflation level normalized to unity.
(n") is the optimal inflation target chosen by the monetary authority. We suppose that this target must be above zero,
and high enough in order that the central bank can reach this goal with a minimized risk of violating the Zero Lower
Bound constraint. The target must be high enough to avoid the risk that a bad shock would push the economy in a
deflationary spiral which could exacerbate welfare losses for representative households, instead of making the
economy revert to a stable equilibrium. Therefore, there is a kind of ‘inflation bias’ necessary in the context of the
ZLB.

Besides, the central bank tries to stabilize the output-gap, to limit under-utilization of resources and deviations
of real economic activity from its natural level, which is the efficient level corresponding to the productive potential
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of the economy. However, Woodford (1999) mentions that the output-gap target (x') is then also usually positive.
Indeed, the natural rate of output can be considered as inefficiently low, for example because of the small amount of
market power held by producers of differentiated goods, or because of the delays in prices adjustments. So, the
social optimum regarding the output level may exceed its natural level because of distortions such as imperfect
competition or taxes.

Finally, we suppose that the central bank smoothes variations in interest rates, in conformity with empirical
observations of interest rate smoothing by central banks. This smoothing allows a kind of approximation of a
commitment solution, according to Billi (2007) or Jung et al. (2005). In the same way, Woodford (1999) mentions
that an inertial monetary policy can be a substitute to commitment for the monetary authority, while it is at the same
time highly representative of the empirical behaviour of central banks. Indeed, the author provides evidence that
interest rate changes by the FED are only moderate, and that adjustment of these rates to new economic conditions
are only gradually and progressively realized (‘gradualism’). This is due to the fact that a central bank cannot
directly influence private-agents expectations. However, in the absence of commitment, an inertial monetary policy
rule is the best way in order that private expectations of future policy actions adjust in an appropriate way in
response to shocks. Svensson and Woodford (2003) or Giannoni and Woodford (2005) also underline that history-
dependence and inertia in monetary policy are efficient ways to be closer to the optimal monetary policy. In the same
way, Clarida et al. (1999) mention that uncertainty about structural parameters and about the efficiency of monetary
policy may also explain the limited variations in interest rates.

The last condition to integrate in our modelling is: (i=0), the Zero Lower Bound on the nominal interest rate, the
non-negativity constraint on short term nominal interest rates, also introduced in Adam and Billi (2007), Billi (2007),
Jung et al. (2005), Eggertsson and Woodford (2003), Woodford (1999) or Nakov (2008) Indeed, nobody would
choose to hold assets bearing a negative return whereas they can hold money bearing a zero nominal return. This
constraint only means that the marginal utility of money holding and of real monetary balances cannot be negative
for a representative consumer. It results from the availability of cash as a riskless, perfectly liquid zero-return asset.
This ZLB condition is widely admitted in the economic literature, even when theoretically, it is an implication of
transaction and storage cost properties of the medium of exchange, as mentioned and theoretically discussed by
McCallum (2000). The validity of this condition depends upon the assumption that it is costless at the margin to
store money, the economy’s medium of exchange. While some central banks, such as the European Central Bank
(ECB) and the Swiss National Bank (SNB) have been able to introduce slightly negative nominal rates, there is
clearly a limit to how negative the nominal rate can be before savers turn to cash. Hence, while the true bound might
not be exactly zero, it is likely to be some small negative number.

This additional constraint is not taken into account in most papers on DSGE New-Keynesian models. That’s
why the main contribution of the current paper is to consider explicitly this constraint in the resolution of the model
derived from the previous equations, which implies a major non-linearity in the model. We can also mention that
according to equation (14), the average real interest rate is positive according to the time preference of the
representative household (f<1), at least in the long run. So, the nominal interest rate should remain positive with
small enough disturbances, and the ZLB should not be binding. However, the real interest rate can become negative
if public expenditure, investment or exports are temporary very small, or if the productivity temporary increases.

2.4. Calibration of the Parameters of the Model

Before turning to the implications of our model, we have to give estimations of the parameters mentioned in the

previous sections.

e  The time discount factor (B) is unanimously calibrated at 0.99 in the economic literature.

e The real-rate elasticity of the output-gap (o) is calibrated at 6.25 by Billi (2007), Adam and Billi (2007),
Jung et al. (2005) or Woodford (1999). It is calibrated at 1 by Clarida et al. (2000) or Gali (2008), at 4 by
Nakov (2008). We will retain the following parameter: 6=6.25.

e The slope of the Phillips curve, the demand elasticity of prices (kik), is calibrated at 0.024 by Billi (2007),
Adam and Billi (2007), Jung et al. (2005) or Woodford (1999). It is calibration at 0.11 by Christiano et al.
(2010). We will retain the following value: k;k,=0.024.

e The weight of stabilizing the output gap (L) is calibrated at 0.003 by Billi (2007), Adam and Billi (2007) or
Jung et al. (2005). It is calibrated at 0.048 by Woodford (1999) or Giannoni and Woodford (2002). We will
retain the following value: A=0.01.

e The weight of interest rate smoothing (p) is calibrated at 0.236 by Woodford (1999) or Giannoni and
Woodford (2002). We will retain the following value: p=0.236.

3. Resolution of the Model

We differentiate the Lagrangian in order to obtain the first-order Kuhn-Tucker conditions, as in Jung et al.
(2005), Woodford (1999), Eggertsson and Woodford (2003) or Nakov (2008). In this context, the contribution of the
current paper is to define analytically the solution of the previous model by introducing explicitly the ZLB constraint
for the interest rate, which is hardly the case in the economic literature. The analytical solution of the model is then
much more detailed in our paper than in many previous contributions (see the Appendixes).
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So, using equations (13), (26) and (27), in period (T), the central bank chooses a path for the short term interest
rate minimizing the following loss function:

. * 2 * . .
Lagrangian = Lz = By ) f4((mie = )" + ACxie = )2 + Gl = fp1)’]
t=T
+Zi1,t[xi,t — Xite1 T O'(it —Te41 — H)]
+Zi2,t[7Ti,t — BTy — klkzxi,t] + Zi3,t[it -0]} (28)

3.1. Steady State Values and Long-Term Equilibrium
The steady state values of the endogenous variables of the model are the values to which the economy
converges under optimal policy if there were no uncertainty. They are the constant values that would satisfy the
basic equations of the model in all periods.
Lagrangian = L; , = (ni‘oo - 7'[*)2 + A(Xj 00 — x*)? + Zi1,000 (loo — M 00 — Tr00)
+Zi2,oo [(1 - ﬁ)ni,oo - klkai,oo] + Zi3,ooioo (29)

The first order conditions of optimality then imply:

0L; o X
0T} oo = 2(Mi0 = T") = 0Z1.00 + (1 = B)Zize0 = 0
0L; .
ax:w = 2A(Xy.00 = x") = k1kyZi.00 = 0
0L; o
k i = 0Zi1,0 T Zi3,00 = 0
{ (T[ioo - ioo + rz,_oo )Zil,oo =0
{ X — (1 - ﬁ)T[i,oo
v kil
\Zis,ooioo =0 lo =0 (30)

Therefore, there is not a unique but two Rational Expectations Equilibriums.

e If the Zero Lower Bound is binding in the long term equilibrium, we have (i, =0) and (0z;1 0 = —Zi300 *

0). Moo = —Too = — % < 0 is then negative, as well as (x; .,). It is the so-called ‘Friedman equilibrium’.

However, this situation is not optimal. It is a deflationary situation, and the loss function of the central bank
(28) is then strictly positive, even if the inflation and activity targets are null, as soon as the long term real
interest rate is non null. The deflationary process is then self-fulfilling: economic agents anticipate a
decrease in economic activity and in prices, the interest rate is brought to zero in order to avoid this
deflationary spiral, but this monetary policy is not sufficient to escape the deflationary situation.

Therefore, we will suppose that the long term real interest rate is sufficiently large to avoid the convergence
towards the former solution. On the contrary, we will concentrate on the long term equilibrium where the ZLB is not
binding.

e If the Zero Lower Bound is not binding in the long term equilibrium, we have (i.,>0) and (z;3 0 = Zj1 00 =

0). Therefore, the system (30) implies:
kik,lkik,m* + A(1 — B)x*]
Mo T T = )7 + kK3
L _U=Pme (= Plkkr + 01— px']
b kik, [A(1 = B)? + k2kZ]
The loss function is then the following:

(D

[A(1 = B)? + kfkZ][kikpx™ — (1 = B)m"]?
[A(1 = B)2 + kZkZ]?
So, this loss function is smaller than if the ZLB is binding, and therefore, it is the first best outcome. This loss
function can even be minimized and null if:

* 2 *
Li,oo = (T[i,oo - T ) + A(xi,oo - X )2 =2

(32)

oo ke (33)
m = X
1-p)
The inflation target must then be positive to reach the desired activity target, in order to increase output to a
more efficient level. All long term optimal plans must verify the previous equation; therefore, the optimal inflation

target depends on the desired level of output.

3.2. Equilibrium with Discretion
Firstly, we suppose that the central bank cannot commit to future policies, and chooses the current interest rate
by re-optimizing every period. In choosing its optimal monetary policy, the central bank takes private sector
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expectations as given. The economic policy is then ‘time consistent’, as rational expectations imply that the central
bank has no incentive to change its plans in an unexpected way. Future expectations about inflation, output and
interest rate cannot be manipulated by the central bank; they are independent from current actions. So, the
discretionary problem is reduced to a sequence of static optimization problems in which the central bank minimizes
current period losses. As mentioned by Clarida et al. (1999), this case is the closest to reality, as no major central
bank makes any type of binding commitment over the future course of its monetary policy. However, in the loss
function (27) of our model, smoothing of interest rates constrains future short term interest rates. Besides, discretion
usually results in a ‘stabilization bias’, as private sector expectations cannot be manipulated in order to improve the
short-run trade-off between stabilizing output and inflation.
The optimal first order conditions of the system (28) are then as follows:

0L; 0 N
{ an’;t = Z(T[i,t - T ) + Ziz‘t =0
0L; 0 N
a : = 2/1(3(” — X ) + Zil,t - klkzzizlt = 0
Xit
| 0Lio _ . . _
T 2u(iy —i—1) + 0Zjyp + Zi3, = 0
Lit

{xie — Et(xi,t+1) + U[it - Et(”i,t+1) - H]} Zpne =0

Ty — .BEL'(T[L',t+1) —kikox;p =0
Zi3,tit = 0 Zi3,t' 2 0 it 2 0 (34)

We can mention that we could neglect the constraint related to the demand equation (13) and the parameter
(ziry)- Indeed, as soon as the supply equation (26) is verified and implies a link between the variation in the inflation
rate and in the output gap, the demand equation can provide the interest rate corresponding to these levels of
inflation and economic activity. For example, Evans and Honkapohja (2006), Clarida et al. (1999) or Svensson and
Woodford (2003)avoid the demand equation (13) and the non-negativity constraint for the interest rate in the
Lagrange function. Indeed, in the modelling of these authors, equation (13) is only used afterwards to define the
interest rate rule and the optimal monetary reaction function. However, in the current paper, we have chosen to
include these constraints and to distinguish between cases where the ZLB is or is not binding.

We suppose that the ZLB is binding for the (N-1) first periods (section 4), but that it is no longer binding
afterwards (section 5).

4. Optimal Equilibrium When the ZLB is binding

4.1. Optimal Levels of Economic Activity and Inflation

When the ZLB is binding, we have: (ir=0) and (zj37>0), for the T<N first periods. As the ZLB is binding,
monetary policy is constrained and it is not optimal regarding demand. So, we have (zj; v>0). Besides, in a given
period (T), first order conditions (34) are reduced to:

Zir = —2k1k2(”i,r - ”*) - 2/1(351‘7 - x*)

ZiaT = _2(7Ti,T - ”*)
Zizr = —O0Zjj1 = 2k1k20(”i,r - ”*) + ZAa(xl-’T - x*)
{xi,T = ET(xi,T+1) + JET(ﬂi,T+1) +onr
i = BEr(Tire1) + KakoXir (35)

The two last equations of the system (35) also imply:
ir = (B + okiko)Er(mir41) + kikyEr(xi741) + okoikoTir
Therefore, the system to solve is the following:

Xty (1 o ET(xi,T+1) 1
(T[i,T) B <k1k2 (+0'k1k2)> <ET(7Ti,T+1) * U(klkz)rl'T (36)
Solving this equation (see Appendix A), we obtain:

N-1
Xir =aLB,N—TET(xi,N) + bLB,N—TET(Tfi,N) +o Z (arpn-1 + kikobipn_1)Tin

n=T
Kok N _
Tir == bign_TET (xi,N) + dLB,N—TET(Tfi,N) + kik, Z(bLB,n—T +odipn-r)in (37)
ith: b i i (rix 'B,2)
with: = A
LBn JOtptokio)— 45 11— TiB2
(1 -8 —okiky) 1 (=14 B+ okik,) 1
Arpn = 5 TLnB,1 Y anB,z

2J(A + B +akiky)2 — 4B 2 2J(A + B+ akiky)2 —4p 2
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n

n
Tip1 t [

TLB,2

dLB,n

(=14 B + ok,k,) 1] (1 =B —okyky) 1
= —_— + p—
2J(1 + B + akk,)2 — 48 2 2J(A + B +okiky)2 — 4B 2

1+ B +akik;) (A + B +0kiky)?— 4P
Tip1 = > + >

1+ B +akik;) (A + B +0kiky)? — 4P
"LB2 = 2 - 2

The values of output and inflation at date (N) of exit of the ZLB then influence the current inflation and
economic activity at date (T); these expectations can sustain current economic growth and inflation. In the same
way, postponing the date of exit of the ZLB (increasing N) also sustains current economic activity and inflation.
Indeed, the factors (a, g n.1), (bLsn-1) @nd (d g n.1) increase with the horizon and the date (N).

4.2. Stabilization of Demand Shocks
The ZLB is binding regarding the stabilization of negative demand shocks if (7;; < 0)°. Furthermore, in case of
negative demand shocks, with: o7,; = ap7,;_; + &, we obtain the following relations:

0%X; 7+ i .
a(i'%) = —O'(CLLBJ' + klkZbLB,j)p] ] = 0, 1, ....,N -T-1
OTC; py i )
= gk, (bypy + odyp)p? j=01,...,.N—-T—1 (38)
a(_rl,T)

With the basic calibration of our model (6=6.25, k;k,=0.024, =0.99) and a persistence of demand shocks:
p=0.6, we have therefore the following graphs:

Graph-1. Variation in economic activity after a negative demand shock

axi,T—j/a('r‘s,T)
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2 We can mention that equations (14) and (26) imply:

TL,T

+(1—/3)

B - (po +vo +1—v) {(1 + (p)[ai,T - ET(ai,T+1)] -(1-v) [ti,T
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Graph- 2. Variation in inflation after a negative demand shock
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So, demand shocks cannot perfectly be stabilized by monetary policy, as the interest rate is null because of the
ZLB. After the recession and the negative demand shock, economic activity and inflation progressively increase,
provided the persistence of demand shocks (p) is not too high. Indeed, negative demand shocks can lead to unlimited
decrease in activity and in prices if p>0.69, with the basic calibration of our parameters. Besides, in case of negative
demand shocks, the levels of economic activity and inflation are the weakest if the intertemporal elasticity of
substitution of household expenditure (o) is high, if the time discount factor (B) is high, or if price flexibility (kk>) is
high. So, quite counter-intuitively, price flexibility can exacerbate economic difficulties, whereas on the contrary,
price rigidity can dampen deflation and mitigate the depression. In the same way, Adam and Billi (2007) mention
that if the equilibrium real interest rate is very low (negative demand shock), the ZLB strongly increases welfare
losses in case of discretionary monetary policy; therefore, taking into account the ZLB implies that the potential
gains from a commitment policy could be very large.

To sum up, as mentioned by Nakov (2008), a negative equilibrium interest rate (7, 7) and a negative demand
shock imply a decrease in the current economic activity level and deflationary tensions, which cannot be avoided by
monetary policy as the nominal interest rate can no longer decrease. The deflationary situation then becomes
independent of current policy actions. If private agents continue to anticipate this decrease in activity and in prices,
nothing can avoid this deflationary spiral. However, as soon as private agents’ expectations about the equilibrium
real interest rate become positive, current economic activity and prices can be stabilized again, as monetary policy
(interest rates increases) becomes again efficient.

5. Optimal Equilibrium When the ZLB Is Not Binding

When the ZLB is not binding, we have: (ir>0) and (z;31=0), for the periods (T>N). As monetary policy is not
constrained, this policy is optimal regarding the demand equation. So, first order conditions (34) are reduced to:

2
Ziny = —2kiky(mir — ) = 2A(x;0 — x*) = —?ﬂ (iy —ir-1)

xir — Er(%ir41) + olisy — E(Tir41) —Tir] =0
t Tyt — BET(TEL',T+1) —kikyxir =0 (39)

The three last equations of the system (39) and equation (33) imply:
Tyr = B+ Uk1k2)ET(7Ti,T+1) + klkZET(xi,T+1) — okikyir + okikoTr
] o ok k, o[kik; +2(1—-p)] , oA
ip =ip_q +——mp — —X;
T T-1 U i,T ﬂ(l _ B) i,T

(1 + 0?k2k3 + 6% A)ip = pir_y + 6(Bkik, + ok2k3 + o) Er(mir41)

o(kiki+1—-2p) |,

+o(k2k? + DEr(xir41) + 02(k3kZ + DFip — )

The system to solve is then the following:
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1 o -0

M kiks (B + okiky) —okik, Er(xirs1)
)= o (o] 1 Er (T[i,T+1)
-1 _;(k%k% + 1) —;(ﬁklkz + ok?k? + 61) p (u + 6%k2k2 + 622) ir
o 0
O-klkz O m
ul Gz gy K HA=AP) (1) wo
T )
5.1. Determination of an Optimal Targeting Rule
Solving the previous system (40), we obtain (see Appendix B):
T+k—-1
. o(kikZ + 21— AB) .
Xir =arEr (Xirir) + bicEr (i ax) +CEr(isk-1)+ lyél — ) Cn-T X
n=T

T+k—-1 02
+ Z [an_TJ +bypokaky = cup - (k3 + ,1)] ™ (41)
T+k—1

_ c(kzkz +A- /1;3)
T zdkET(xi,THc) + ekET(ni,THc) +fxEr(ir4r-1)+ Z fo-rx”

T+k—1 &
+ Z [dn—TU + en_rokik, — fn—TI(k%kg + /1)] Nn (42)

T+k-1

. o o(kiks + 1 —Ap) . .
ir—1 =gkEr(Xirek) + hiEr(Tirak) +irEr(irsk-1)+ = — Z Jn-TX
w1 —p) o
T+k-1 B
¥ Z [gn 10 + 0¥k = (kaz +A)] T (43)

Where the values of the parameters (an) until (j,) are mentloned in Appendix B.

So, for example, if we choose a one-year horizon, equation (43) implies®:

. 1 . o(kiks + 1) By (xires) + o?(kiki +2)
ir (u + 02kZk? + 022) tir-1 (u+ 02k2k2 021) " Xir+1 (él ‘; 0?k?k3 +021) "
(oBkik, — o(kiks; + 21— AB) .
+[1 + (‘u+0'2k2k2 T( lT+1) (# +O_2k§k% + 02/1)(1 —‘B)x (44)

So, as mentioned by Giannoni and Woodford (2002), the simple Taylor rule is not fully optimal. A robustly
optimal policy rule is almost inevitably an implicit rule, which requires the central bank to use a structural model to
project the economy's evolution under the contemplated policy action. Svensson (1999) argues that according to
‘flexible inflation targeting’, the instrument of the central bank, the interest rate, should not only respond to current
main targeted variables, output and inflation, as in the Taylor rule. A targeting rule must use all available
information, in particular regarding expected future inflation or economic activity, as intermediate targets, contrary
to an instrument rule. He qualifies of ‘inflation-forecast targeting’ a rule like the one that we have found above,
where expectations are considered as intermediate targets for the central bank. However, we have here only an
implicit reaction function or targeting rule, without link between anticipated future variables and current variables.

As in Clarida et al. (1999) or Evans and Honkapohja (2003b), equation (44) shows that in response to a rise in
expected future inflation, the nominal interest rate should rise more than proportionately in order to increase real
interest rates [the coefficient for expected inflation is above unity; ‘Taylor prescription’], and to decrease global
demand. This reaction more than proportional allows an increase also in the real interest rate, and the better
stabilization of prices and economic activity levels. It avoids the existence of self-fulfilling sunspot equilibriums,
with a decline in the real interest rate and an outburst in inflation. This can explain the success of the US monetary
policy after 1979, in the Volcker-Greenspan era. Indeed, econometrical estimations show that the coefficient of
expected inflation then became superior to one (around 2), whereas it was below unity before 1979, when monetary
policy was too accommodative Clarida et al. (2000). Indeed, when the Taylor principle is not satisfied, an increase

3 For k=1, equation (43) implieS'
1
iT=j_ii,T—1 I ET(xLT+1) ET(T[lT+1) 900 + hookiky — jo— (k1k2 + /1) o
1

1 _o(k2k2+/1 B,
aua—-p o

117



International Journal of Economics and Financial Research, 2016, 2(6): 104-126

in the nominal interest rate can reduce the real interest rate, and increase both the output gap and self-fulfilling
inflationary expectations Christiano et al. (2010).

Besides, according to equation (44), the nominal interest rate should also increase in proportion to the increase
in the equilibrium real interest rate (7, 7) in order to stabilize demand shocks. It should decrease with the excess of
the expected future economic activity level above its target (x") and with the targeted inflation rate ().

5.2. Stabilization of Demand Shocks
The ZLB is not binding regarding the stabilization of positive demand shocks (7;; > 0). More precisely, in case

of positive demand shocks, with: 67,7 = ap7,;_; + £, we obtain the following relations (see Appendix B):
. k-1
Olrip—1 __G9

am #j_‘knzo

lugn + ukikohy — jpo(kiks + D] p™  fork=1  (45)

k-1

B k=1
iT+k-1 _ P ua, + uk kb, — c,o(k3kZ + 2)]p"

k-1

oTr U .
————— ) ugn + pkikshy = juo(kik; + Dl p (46)
Wk =1
O reny P lo~o
Lt P2 ludy + ki kaen — fro(k2KE + D)™
LT u =0
k-1
fup*to .
T ) M + whakahy ~ juoGGKE + D] (47)

n=0

With the basic calibration of our model (6=6.25, k;k,=0.024, p=0.99, A=0.01), and a persistence of demand
shocks corresponding to: p=0.8, we have therefore the following graphs:

Graph-3. Variation in interest rates after a positive demand shock
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Therefore, obviously, variations in interest rates are all the more accentuated as interest rate smoothing is a more
negligible goal for the governments (u is small). Besides, the increase in interest rates is all the more accentuated as
the inter-temporal elasticity of substitution of household expenditure (o) is high, and as monetary policy is then more
efficient in stabilizing economic activity. It is also all the more accentuated as the weight given by the central bank
to output stabilization (A) is high. The progressive decrease in interest rates is afterwards the fastest as the shock
persistence (p) is small. In these conditions, the stabilization of economic variables depends on the importance of
interest rate smoothing () for the governments. Indeed, graphs are as follows:

118



International Journal of Economics and Financial Research, 2016, 2(6): 104-126

Graph-4. Variation in economic activity after a positive demand shock
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Graph-5. Variation in inflation after a positive demand shock
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So, demand shocks can perfectly be stabilized by monetary policy only if variations in interest rates are without
costs for the governments (u=0). Nevertheless, interest rates smoothing (u>0) implies an imperfect stabilization of
economic variables. Economic growth and inflation are then all the more accentuated as the intertemporal elasticity
of substitution of household expenditure (o) is high. Inflation also increases with price flexibility (kik,).
Furthermore, economic growth and inflation are also more accentuated if stabilizing the output gap has a weakest
weight (A) for the central bank. Finally, persistence of the demand shock (p) extends the duration of the
disequilibrium in economic variables.

5.3. Consequences of the Dangers of a Future Binding ZLB

Another contribution of the analytical modelling of our paper is to the show the consequences of the following
situation: the Zero Lower Bound is currently not binding in period (T), but it is anticipated to be binding from a
given period (T+Kjy). Indeed, in this situation, we have (see Appendix B):

Kp
. oplk
Oirsyrc _ ) =22 N (g s + ko s = jua0 (K3 + D]p™ for 1<k <K,
T r Wiy 1=

0 fork <0 (48)

With the basic calibration of our parameters (c=6.25, k;k,=0.024, =0.99, 2=0.01, p=0.236), and a shock
persistence; p=0.8, we obtain the following graph:
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Graph-6. Effect of the dangers of a future ZLB on optimal interest rate
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So, nominal interest rates should be lowered faster in response to positive demand shocks than in the absence of
any constraint and if the nominal interest rates were allowed to become negative, in the case where the ZLB is a
danger for the efficiency of the future monetary policy. As mentioned by Adam and Billi (2007), such ‘preemptive
easing’ is optimal because expectations Of a possibly binding bound in the future create deflationary and
recessionary expectations which amplify the effects of adverse shocks on current economic variables (‘deflationary
bias’). Nakov (2008) also underlines that in case of a negative shock on the equilibrium real interest rate, the
‘deflationary bias’ can be very large with a discretionary monetary policy. The ZLB then implies a monetary policy
which is both too aggressive (limited smoothing) and too expansionary (too low interest rate).

Besides, according to our modelling, monetary policy is looser when the inter-temporal elasticity of substitution
of household expenditure (o) or when the weight given by the central bank to prices stabilization (L) are weak: the
effect of the danger of a future ZLB to faster the decrease in the interest rate is then accentuated. According to Graph
6, the contribution of our modelling is then to show that the decrease in the interest rate must be the fastest as the
period where the ZLB is supposed to be binding (Kp) is the nearest.

Regarding stabilization of economic variables, we obtain:

a.pk—l Kp—1
Dl + kykeyby — 600Gk + D]p"
0x; s
i,T+k—-1 _ Kp—1
o= ocg, pk1
o — 28N g, + kkeohy — juo(<3HS + Dlp" for k < Ky +1
”]Kb =0
0 for k> K, +1 (49)
Kb 1
kzen fn (k2k2 + /1)],0
OTirsk-1 _ =0 Kpm1
r - g
O - le;p Z [ugn + pkikyhy — jno(k3ks + D]p™ for k < K, +1
Kp
0 for k > K, +1 (50)

So, graphs regarding variations in economic variables are as follows:

120



International Journal of Economics and Financial Research, 2016, 2(6): 104-126

Graph-7. Effect of the dangers of a future ZLB on economic activity
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Graph-8. Effect of the dangers of a future ZLB on inflation
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So, the interest rate is lowered faster in order to offset the deflationary and recessionary consequences of a
potential ZLB tomorrow. According to Graphs 7 and 8, the stabilization of economic activity and prices is then
obviously speeded-up. Indeed, the dangers of a future ZLB and the lower interest rate reduce expectations of future
economic activity and inflation, and this leads to lower current inflation and output.

Therefore, our model shows that in case of a negative demand shock, monetary policy should reduce nominal
interest rates more aggressively than suggested by a model without Zero Lower Bound. Rational agents anticipate
the possibility of reaching the lower bound in the future, which implies downward pressure on expected output and
inflation, and which amplifies the effects of adverse shocks well before the bound is reached. So, the interest rate
must be decreased more aggressively and should reach sooner the ZLB. The ZLB also modifies optimal monetary
policy in case of non-binding shocks: the interest rate should be increased less strongly (or more reduced) than it
would be optimal without ZLB. Such a ‘preemptive’ monetary policy strongly reduces deflationary and recessionary
tensions and welfare losses. Indeed, creating credible future inflationary expectations allows the current inflation rate
to be positive even if the real equilibrium interest rate is negative.

6. Conclusion

In a discretionary framework, when the ZLB is binding, a negative demand shock implies a decrease in the
current economic activity level and deflationary tensions, which cannot be avoided by monetary policy as the
nominal interest rate can no longer decrease. If private agents continue to anticipate this decrease in activity and in
prices, nothing can then avoid this deflationary spiral. On the contrary, provided the ZLB is not binding, monetary
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policy can efficiently contribute to the stabilization of economic activity and inflation in case of demand shocks. The
variation in interest rates is then all the more accentuated as interest rate smoothing is a more negligible goal for the
central bank. In absence of interest rate smoothing, economic activity and prices could even perfectly be stabilized
by monetary policy.

The contribution of our paper is to provide a clear analytical New-Keynesian framework sustaining these
results. Besides, our analytical modelling also shows that even if the ZLB is currently not binding, the central bank
should take into account the dangers of a potential future binding ZLB. Indeed, the interest rate should be decreased
the fastest as a negative demand shock and the possibility to reach the ZLB is anticipated for a nearest future period.

The economic literature has studied the advantages of a commitment monetary policy in order to affect private
agents’ expectations and to avoid an excessive deflationary spiral when the ZLB risks to be binding. However, our
paper shows that the necessity of a ‘pre-emptive’ active monetary policy can be demonstrated even in a discretionary
framework, which has the advantage to be time-consistent and to be in conformity with the empirical practices of
independent central banks.

Appendix A: Equilibrium when the ZLB is binding

In a given period T<N, the system to solve is the following:
Xy _ 1 o ET(xi‘TH) 1
(m,r) B (klk2 B+ 0'k1kz) <ET(T[1'_T+1) + a(klkz)n,r (A1)
N-1

(xi,T) _ ( 1 o )N_T ET(xi.N) + O'Z ( L a )n_T( L )r_
T[l',T - k1k2 ‘8 + O'klkz ET(T[i,N) klkz B + O'k]_kz k1k2 Ln

n=T
We have then to find the solution of the following matrix:

1 o " (Qen bipn
<k1k2 B+ Uk1k2) h (CLB,n dLB,n) (42)
with:  wp, = (1 + B + okiky)uppn—1 — fursn—» ascharacteristic equation of the matrix.
Besides, we obtain:

N-1
xir =aygn-rEr(xin) + bLB,N—TET(Tfi,N) +o Z(aLB,n—T + kikobign-r)Tn  (43)
n=T Ne1
;T =CLB,N—TET(xi,N) +dign-rEr(miy) +0 Z(CLB,n—T + kikodipn-r)h,  (A4)
n=T
r2— (1 +B+okik)r+p=0
The two solutions of this equation are the following:
(1+ B + okiky) (A + B+ ckiky)? — 4B
LBl = 2 + 2
1+ B8 +okik 1+ B+ ockky)?—4
TLB,2=( B 1 2)_\/( B 1k2) B (45)

So, solutions of%he above recurrent sequeznce take the following form:
Ugn = (1ps + V72
* apo=ap1=1 arpp = 1+ okik,
v = (1—B —akiky) + (1 + B + ckiky)> — 4P n
o 2/(1+ B + okyk;)? — 4B o
(=1 + B + akyky) + /(1 + B + akyky)? — 43]

n

T
2J(1+ B + okiky)? — 48 Lo
o bLB,O =0 bLB,l =O-O' bLB,Z = (1 + B + O'klkz)o' etc....
bipn ("is1 — "1B,2)

 JA+B +okiky)2 — 4B
kqk
® Cpo=0 cp1=kik; cCppp= (1 + B + okiky)k ik, Cien = % bign

o dipo=1 dyp, =B +akik, dig,= (B+20kik;)B+ (1+0kik))akik, etc....
(=14 B + okiky) + /(1 + B + okk,)2 — 4B
2,/(1 + B + akiky)? — 4B |
. [(1 — B — akiky) + /(1 + B + akik,)? — 4/3I o
2J(1+ B + okiky)? — 4B Lo

n
TLB1

dLB,n -
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Appendix B: Equilibrium when the ZLB is not binding

For T=N, the system to solve is the following:

o 0
. E(x:
?,T . T(xL,T+1) . ok, k, 0 (ﬂ)
o )= Er(mire1) oz o(k2kZ +A—28) |\
ir —— (kK3 + )
u u(1—-p) 0
o
XiT ET(xl-’TJrk) T+k-1 / okyk, 0 \ .
. — ak -T
(ZTT) = 4\ Er(mnd) |+ Yol - otz +2-28) |( RCY
T-1 Er(iirir-1) n=T u (kikz + 4) u(1—=p)
We have then to find the solution of the following matrix:
1 g o " an bn Cn
An — k1k2 (.8 + O_klkZ) _o_klk2 = dn en fn
1
— 2Ok +2) =5 (Bkiky + okikd +02) - (u+ 0’kiki + 0%A) In My Jn

With, as characteristic equation of the matrix:
2
= (24 + okyky +2 ‘;1"2 + )un_1 — (1428 + okiky + B2 w4+ Bun s (B2)
Besides, we obtain:
T+k-1

o(k2k2 + 21— B)
p(1-p)

X zakET(xi,T+k) + by Er (T[i,T+k) +ckEr(irsr-1)+ Cp-r X"

n=T
T+k-1

+ Z [an_TJ + b, _rokik, —c,

2

(0}
AT +A>]m 53)

T+k—1
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T+k—1
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° 60:1 61=ﬂ+0'k1k2
2
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3
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2 2
J2 = T (cEkE +2) + GTk(ﬁklkz + ok2k2 + o) + % (1 + 0%k2kZ + 622)? etc...

We can also obtain backward looking equations.
Indeed, the previous equation (B5) implies:

. 1 Ik hy o(kik + 1 25) Y ]
Ir4k—1 :ELT_I _j_kxi'T+k ] T TiT+k — ]k‘u(l — ﬁ) Zjn
Z [gno' + hyoley ke — (klkz + A)] Toren (B6)

Putting this equation (B6) in equatlons (B3) and (B4) we have
CrIxk o(kik; + 1 —2B) z : k]n
Xi =a, ——— xl- + n — ,
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— Jk Jk
n=0
If the ZLB is anticipated to be binding from a given period (T+K):
Er(ir4x,) = 0. So, for 1<k<Ky, equation (B6) implies:
Kp—1
. 1 Ik, hg, o(kiki +1—Ap) )
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aﬂd iT+Kb—k =0 fOT k < 0.

Putting this equation (B9) in equations (B3) and (B4) then implies
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