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1. Introduction 
In this paper, we use the concept of the energy of a graph using the eigenvalues of a graph Gutman [1] and use 

it to define the energy of a graph using the eigenvalues of the Laplacian matrix of a graph Fath-Tabar, et al. [2] and 

Gutman [1]. There are some similarities between these definitions, and some differences – see Radenkovic and 

Gutman [3]. 

We determine the Laplacian spectra of graphs obtained by appending h  end vertex to all vertices of a defined 

class of graphs called the base graph. The end vertices allow for a quick solution to the eigen-vector equations 

satisfying the characteristic equation for the Laplacian matrix, and the solutions to the eigenvalues of the Laplacian 

matrix of the base graph arise. We determine the relationship between the eigenvalues of the Laplacian matrix of the 

base graph and the eigenvalues of the Laplacian matrix of the new graph as constructed above, and determine that if 

  is an eigenvalue of the Laplacian matrix of the base graph, then 
   

2

411
2







hh
 is an 

eigenvalue of the Laplacian matrix of the constructed graph.  

We then determine the spectra for such graphs where the base graph is one of the well-known classes of graphs, 

namely the complete, complete split-bipartite, cycle, path, wheel and star graphs. We also determine the energy of 

the constructed graph for each of these classes of graphs.  

 

Abstract: In this paper, we determine the Laplacian spectra of graphs obtained by appending  end vertex 

to all vertices of a defined class of graphs called the base graph. The end vertices allow for a quick solution to 

the eigen-vector equations of the Laplacian matrix satisfying the characteristic equation, and the solutions to 

the eigenvalues of the Laplacian matrix of the base graph arise. We determine the relationship between the 

eigenvalues of the Laplacian matrix of the base graph and the eigenvalues of the Laplacian matrix of the new 

graph as constructed above, and determine that if  is an eigenvalue of the Laplacian matrix of the base 

graph, then  is an eigenvalue of the Laplacian matrix of the 

constructed graph.  

We then determine the Laplacian spectra for such graphs where the base graph is one of the well-known 

classes of graphs, namely the complete, complete split-bipartite, cycle, path, wheel and star graphs. We then 

use the Laplacian spectra to determine the Laplacian energy of the graph, constructed from the base graphs, 

for each of the above classes of graphs. We then analyse the case where only one end vertex is appended to 

each vertex in the base graph, and determine the Laplacian energy for large values of , the total number of 

vertices in the constructed graph.In the last section, we investigate the eigen-bi-balance of the graphs 

using the eigenvalues of the Laplacian matrix for graphs with appended end vertices, and consider 

the example of the star sun graph. 
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In the last section, we apply the definitions of eigen-bi-balance of graphs using the eigenvalues of the Laplacian 

matrix of a graph Winter and Jessop [4], and then apply these definitions to the graphs with appended end vertices, 

and calculate the ratios for the star sun graph. 

 

2. Laplacian Energy 
The energy of a graph was introduced almost 30 years ago, and has a clear connection to chemical problems.  

Definition 2.1 

The energy of a graph is ,)(
1





n

i

iGE   where nii 1,  are the eigenvalues of the adjacency matrix of 

the graph G . 

 It is easily verified that the eigenvalues obey the following well-known relations 



n

i

i

1

0  and 



n

i

i m
1

2 2

See Gutman and Zhou [5].  

This quantity has in recent times attracted much attention of mathematicians and mathematical chemists. There 

has also been much learnt about a graph by creating an adjacency matrix for the graph, and then computing the 

eigenvalues of the Laplacian of the adjacency matrix. We now define the Laplacian energy of a graph as follows. 

 

Definition 2.2 

The Laplacian eigenvalues n ,...,,, 321  of a graph G , are the eigenvalues of the Laplacian matrix 

 GL of ,G  where      GAGDGL  ,  GD  is the diagonal matrix of vertex degrees of G  and  GA  is 

the adjacency matrix of .G  Then we have 
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See Gutman and Zhou [5]. 

The Laplacian energy of the graph ,G was defined to get a graph energy concept that is defined in terms of the 

eigenvalues of the Laplacian matrix instead of the eigenvalues of the adjacency matrix of the graph, and that would 

preserve the main features of the original graph energy definition. 

The Laplacian energy of the graph ,G denoted by )(GELi , 2,1i has been defined in the following two 

ways: 

 

1) The first definition is a direct adaptation of the definition of the Energy of a graph, using the eigenvalues of the 

Laplacian matrix, ie. 





n

i

iGEL
1

1 )(  .  

However, since the eigenvalues of the Laplacian matrix is always non-negative, 

  GLtrm
n
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2) The definition for the Laplacian energy of a graph was then adapted, in a natural way, to become 



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n

i

iGEL
1

2 )(  , where 
n
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i
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

 . 

ie. The sum of the absolute value of the deviation of the Laplacian eigenvalues from the mean of the Laplacian 

eigenvalues. This gives a measure of the variance of the Laplacian eigenvalues about their mean. This definition 

preserves the main features of the original graph energy )(GE  definition as follows:  
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We note that (similar to the original graph energy  GE  definition): 
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dmM  and that if G is a regular 

graph, then mM  . See Gutman and Zhou [5]. 

There are a great deal of similarities between the properties of the energy of a graph )(GE  and the two 

definitions of the Laplacian energy of a graph 2,1),( iGELi , but there are also some significant differences. See  

Gutman and Zhou [5], Radenkovic and Gutman [3]. 

For regular graphs, we have the following: 

Lemma 6.1.1 

If the graph G  is regular of degree r , then  GEGEL )(2 . 

Proof 

If a  mn, graph is regular of degree r , then r
n

m


2
. 

Now   iii xxGA  for eigenvalue i  and eigenvector ix , nifor ,...,1 , and 

       jjjjjj yyGAyrIyGArIyGL  for eigenvalue 
j and eigenvector jy of  GL , 

njfor ,...,1 . 

Therefore   yyrIyGA j  

   yrIyGA j  .  

  iir   . 
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 . □ 

The following theorem is useful in determining the Laplacian eigenvalues for a number of classes of graphs. 

Theorem 2.1 

Let K  and L  be two graphs with Laplacian spectrum k  ...21  and l  ...21 , 

respectively. Then the Laplacian eigenvalues of LK  are 

lk 1 ; 

11,1  kil ii  ; 

11,  ljk jjk  ; and 

0lk . 

See Mohannadian and Tayfeh-Rezaie [6]. 

 

3. End Vertices Appended to Each Vertex of a Base Graph  

Let the generalized sun graph  phGsun ,  be a graph which consists of the base graph G on p vertices, with 

h end vertices appended to each of the p  vertices in the graph G . Then the graph  phGsun ,  has  1 hpn  

vertices, and the  nxn  Laplacian matrix of ),( phGSun  is: 
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For example, the Laplacian matrix of )3,2(CompSun  is 
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Theorem 3.1 

If 
j  are the eigenvalues of  GL , pj 1 , then  
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are two eigenvalues of  ),( phGSunL , for pj 1 . The remaining eigenvalues of  ),( phGSunL  are 

12  jp ,  11  hpj . 

Proof 

Let  nxxxxx ,...,, 321  be an eigenvector of  ),( phGSunL , with eigenvalue   . Then we have: 

  xxphGSunL ),(  
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 where  kGL is the k the row of  GL ,  

and 

kipk xx  = 
kpx  , hi 1  and pk 1 .  

   kipk xx  1  

 kkip xx



1

1
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Substituting the values for kkip xx



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1
 into equation k in the matrix equation above, we get 
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Setting 0jx  in equation 
jipjipj xxx    , we get 1  for the remaining    121  hpphp  

eigenvalues of  ),( phGSunL , i.e. 12  jp ,  11  hpj  . □ 

Theorem 3.2 

The Laplacian energy EL1  of the generalized sun graph ),( phGSun  is 
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Now all the Laplacian eigenvalues of a graph are non-negative, therefore 0j , for pj 1 , and so 
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Theorem 3.3 

The Laplacian energy EL2  of the generalized sun graph ),( phGSun  is 
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4. Examples 
4.1. The Complete Sun Graph 

Let G  be the complete sun graph ),( phCompSun  on  phn 1 vertices, constructed by taking a 

complete graph 
pK  and appending h  pendant vertices to each of the vertices of 

pK . The complete sun graph 
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 edges. Then the  nxn  Laplacian matrix of the 

),( phCompSun  graph is: 
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Theorem 4.1.1 

The eigenvalues of   phCompSunL , are 
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Proof 

The eigenvalues of  pKL  are pk  , 11  pk  and 0p . See Brouwer and Haemers [7]. 

From Theorem 3.1, the eigenvalues of   phCompSunL ,  are 
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The remaining    121  hpphp  eigenvalues of   phCompSunL ,  are 
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Theorem 4.1.2 

The Laplacian energy EL1  of the complete sun graph is 
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Theorem 4.1.3 

The Laplacian energy EL2  of the complete sun graph is 
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4.2. The Complete Split-Bipartite Sun Graph 

Let G  be the complete split-bipartite sun graph ),( phBipSun  on  phn 1  vertices, constructed by 

taking a complete split-bipartite graph 

2
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2

ppK  and appending h  pendant vertices to each of the vertices of

2
,

2

ppK . 

The complete split-bipartite sun graph  phBipSun ,  has ph
p


4

2

 edges. Then the  nxn  Laplacian matrix of  

the ),( phBipSun  graph is: 
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Theorem 4.2.1 

The eigenvalues of   phBipSunL ,  are 
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Proof 

Let G  be the complete split-bipartite graph 
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The remaining    121  hpphp  eigenvalues of   phBipSunL ,  are 
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Theorem 4.2.2 

The Laplacian energy EL1  of the complete split-bipartite sun graph is 
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Theorem 4.2.3 

The Laplacian energy EL2  of the complete sun graph is 
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4.3. The Caterpillar Sun Graph 

Let G  be the path sun graph ),( phrCaterpilla  on  phn 1  vertices.  phn 1 vertices, 

constructed by taking a path graph 
pP  and appending h  pendant vertices to each of the vertices of 

pP . The 

caterpillar graph  phrCaterpilla ,  has   hpp 1  edges. Then the  nxn  Laplacian matrix of the 

),( phrCaterpilla  graph is: 
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Theorem 4.3.1 

The eigenvalues of  ),( phrCaterpillaL  are 
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j
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The Laplacian eigenvalues of the path graph nP  are 10;cos221 
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The remaining    121  hpphp  eigenvalues of  ),( phrCaterpillaL  are 12  jkp , 

 11  hpj  □ 

Theorem 4.3.2 

The Laplacian energy of the caterpillar graph is 

 ),(1 phrCaterpillaEL    12  hpp . 
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From Theorem 3.2, where k are the eigenvalues of  
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Theorem 4.3.3 

The Laplacian energy EL2  of the caterpillar graph is 
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4.4. The Cycle Sun Graph 

Let G  be the cycle sun graph ),( phCycleSun  on  phn 1  vertices, constructed by taking a cycle 

graph 
pC  and appending h pendant vertices to each of the vertices of 

pC . The cycle sun graph  phCycleSun ,  

has  ph 1  edges. Then the  nxn  Laplacian matrix of ),( phCycleSun  is: 
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Theorem 4.4.1 

The eigenvalues of   phCycleSunL , are 
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Proof 

The Laplacian eigenvalues of the cycle graph nC  are 10;
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and the remaining eigenvalues are equal to 1.  
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The remaining    121  hpphp  eigenvalues of   phCycleSunL ,  are  

12  jp ,  11  hpj . □ 

 

Theorem 4.4.2 

The energy of the cycle sun graph is 
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Theorem 4.4.3 

The Laplacian energy EL2  of the cycle sun graph is 
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1

2 , and for large n , 


















2
,12

n
CycleSunEL  n618.0 . 

Proof 
 

   
 
 

2
1

12

1

2

1

1

1


















hp

hp

hp

m

hp

hp

j

j

  and 

 

 ),(2 phCycleSunEL   

 







1

1

hp

j

j 
 







1

1

2
hp

j

j  

Setting 1h , and having ,2pn   


















2
,12

n
CycleSunEL   




n

j

j

1

2   

So, for large n , we have  


















2
,12

n
CycleSunEL  

 



n

j

j

1

2  

 









 

1
2

0

2
2844

2

1

n

j

jjj    

 













 





 

1
2

0

2

1
2

0

2
2844

2

1
2844

2

1

n

j

kkk

n

j

kkk    

         2824224
2

1

2
282.4224

2

1

2

22 




 

nn
 

   2206
2

1

2
22

2


nn
 

 n618.0  

4.5. The Wheel Sun Graph 

Let G  be the wheel sun graph ),( phWheelSun  on  phn 1  vertices, constructed by taking a wheel 

graph 
pW  and appending h pendant vertices to each of the vertices of 

pW . The wheel sun graph  phWheelSun ,  

has    hph  12  edges. Then the  nxn  Laplacian matrix of ),( phWheelSun  is: 

 

 























pppppp

pppppp

ppppp

I

I

IIWA

phWheelSunL

,,,

,,,

,,

00

00
),(









. 
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Theorem 4.5.1 

The eigenvalues of   phWheelSunL , are 

 
     

2

411
,

2

21

phphp 
 ,  

 
22,12  jj     





  48424

2

1 22
hhhh jjj   ,  

where 21,
1

2
cos2 










 pj

p

j
j


 ,  

   0,1, 212  hpp  , and 

12  jp ,  11  hpj . 

Proof 

Let G be the wheel graph nW  with 1n spokes, with 4n . Then 11 LCW nn    where 1L  is the graph 

consisting of 1  isolated vertex. Then, by Theorem 3.2, the Laplacian eigenvalues of the wheel graph nW  are 

p1 , 











1

2
cos231

p

j
j


  21  pj , and 0p . From Theorem 3.1, the eigenvalues of 

 ),( phWheelSunL  are 

 
   

2

411
,

2

212

jhh jj

jj





 , where j  are the eigenvalues of  

pWL , pj 1 , and 

the remaining eigenvalues are equal to 1.  

 

Therefore, 

 
     

2

411
,

2

21

phphp 
 ,  

 

 
2212 ,  jj 

2

1

2
cos2341

1

2
cos231

1

2
cos23

2













































































p

j
h

p

j
h

p

j 

  

2

1

2
cos234

1

2
cos24

1

2
cos24

2











































































p

j
h

p

j
h

p

j 

 , 21  pj .  

Set 21,
1

2
cos2 










 pj

p

j
j


 , then  

 
2212 ,  jj     





  jjj hh  3444

2

1 2
 

 

   




  48424

2

1 22
hhhh jjj   

and 

       
 0,1

2

0411
,

2

212 


 h
hh

pp  . 

 

The remaining    121  hpphp  eigenvalues of   phWheelSunL ,  are 12  jp ,  11  hpj

. □ 
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Theorem 4.5.2 

The energy of the wheel sun graph is 

 ),(1 phWheelSunEL  hpp 244  . 


















2
,11

n
WheelSunEL  43  n , and for large n , 


















2
,11

n
WheelSunEL  n3 . 

Proof 

From Theorem 3.2, where k are the eigenvalues of  
pWL  

 ),(1 phWheelSunEL  

   11
1




hph
p

j

j  

       11131
2

1

 




hphhhp
p

j
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    pphhphphp
p

j

j  




12241
2

1

   

      pphhphphp  1122241   

hpp 244    

Setting 1h , and having ,2pn   we get  


















2
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n
WheelSunEL  43
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2
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















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Theorem 4.5.3 

The Laplacian energy EL2  of the wheel sun graph is 

 ),(2 phWheelSunEL   
 

 




 




1

1 1

244hp

j

j
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
















2
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n
WheelSunEL  






p

j

j
n

n
n

2

1
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 , and for large n , 


















2
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n

n
n

n

n

n

n

j
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2
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2

1
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2

1
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




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







 





  

Proof 
 

     1
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1

2

1

1

1




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









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m
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j
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 







1

1
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j
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


 


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1
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Setting 1h , and having ,2pn   


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



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1
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

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
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



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4.6. The Star Sun Graph 

Let G  be the star sun graph ),( phStarSun  on  phn 1  vertices, constructed by taking a star graph 

1,1pS  , with 1p rays of length 1, and appending m pendant vertices to each of the vertices of 
1,1pS . The star 

sun graph  phStarSun ,  has    hph  11  edges. Then the  nxn  Laplacian matrix of ),( phStarSun  

is: 

 

 
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





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
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0

0
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
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


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Theorem 4.6.1 

The eigenvalues of  ),( phStarSunL are 

 
   
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2
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

hh
jj  , 21  pj  

   0,1, 212  hpp  , and 

12  jp ,  11  hpj .  
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Proof 

Let G  be the star graph 
1,1nS with 1n  rays of length .1  Then 

111,1 LLS nn  
 where iL  is the graph 

consisting of i  isolated vertices. Then, by Theorem 3.2, the Laplcaian eigenvalues of the star graph 
1,1nS  are 

p1 , 1j , 12  pj  and 0p . From Theorem 3.1, the eigenvalues of   phStarSunL ,  are 

   
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j

hh 



 , where j  are the eigenvalues of   phStarSunL , , pj 1 , 

and the remaining eigenvalues are equal to 1.  

 

Therefore, 
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The remaining    121  hpphp  eigenvalues of   phStarSunL ,  are 12  jp ,  11  hpj .  

 

Theorem 4.6.2 

The Laplacian energy EL1  of the star sun graph is 

 ),(1 phStarSunEL   12  php . 
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Proof 

From Theorem 3.2, where k are the eigenvalues of  
1,1pSL , 
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5. Summary of Results 
Theorem 5.1. 

The Laplacian eigenvalues and the Laplacian energy for the following classes  of graphs on  phn 1  

vertices are: 

 

Section Class of graph Eigenvalues of Laplacian matrix  Laplacian 
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6. Laplacian Eigen-Bi-Balance of Classes of Graphs 
The concept of eigen-bi-balance was introduced for the eigenvalues of the adjacency matrix of a graph. See 

Winter and Jessop [4]. These definitions can also be applied to the eigenvalues of the Laplacian matrix of a graph as 

follows. 

Definition 6.1  

A class   of graphs is said to be sum*(s)*Laplacian eigen-pair (integral) balanced if there exists a pair  ba,  

of distinct non-zero eigenvalues (eigenvalues considered once so we ignore multiplicities) of the Laplacian matrix 

associated with each member of the class, called a Laplacian eigen-pair, such that sba  where s  is the same 

integer as a fixed constant for each member in the class, or s  is the same integer as a function of each member in 

the class.  The sum balance is exact, if s is the same integer as a fixed constant for each member in the class, or non-

exact. 

 

Definition 6.2  

A classes   of graphs is said to be product*(t)*Laplacian eigen-pair (integral) balanced if there exists a 

Laplacian eigen-pair  ba, , such that tba . where t  is the same integer as a fixed constant for each member in 

the class, or t  is the same integer as a function of each member in the class.  The sum balance is exact, if t  is the 

same integer as a fixed constant for each member in the class, or non-exact. 

 

Definition 6.3  

Classes of graphs, which are both sum and product Laplacian eigen-pair balanced are said to be Laplacian eign-

bi-balanced with respect to the Laplacian eigen-pair ba, . 

 

Definition 6.4  

The reciprocals of eigenvalues are connected to the idea of robustness or tightness of graphs Brouwer and 

Haemers [7]. Since a and b are non-zero, the sum of their reciprocals is defined, and we define the Laplacian eigen-

balanced ratio of the structure (with respect to the Laplacian eigen-pairs) as: 

)( baLr  = 
ab

11

ab

ba 
, where 0ab . 

 

Definition 6.5  

If the Laplacian eigen-balanced ratio is a function  nf  of the size n of the graph, and has a horizontal 

asymptote, we call this asymptote the Laplacian eigen-balanced ratio asymptote with respect to the Laplacian eigen-

pair a,b and denoted by 
 )( baLr  or ))(( baLrasymp  . 

This asymptote can be seen as the behavior of the ratio as the size of the graph becomes increasingly large. 

 

Theorem 6.1 



 Academic Journal of Applied Mathematical Sciences, 2016, 2(9): 109-134 

 

133 

Let  be a class of graphs consisting of the graphs ),( phGSun , for ,...2,1p  and some ,....2,1h Then, if 

j  , pj 1 , is an integral eigenvalue of  GL , then: 
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For example, let  be the class of graphs consisting of the star sun graphs ),( phStarSun , for ,...2,1p  and 

some ,....2,1h    Then 1j  , 12  pj , is an integral eigenvalue of  ),( phStarSunL , and  
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4.  is product*  1 *Laplacian eigen-pair (integral) balanced with respect to  kk 212 .  ; 

5. The Laplacian eigen-bi-balanced ratio of the class of graphs  is
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6. There is no asymptote of the Laplacian eigen-bi-balanced ratio  
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 for large h . 
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7. Conclusion 
In this paper, we determined the Laplacian spectra of graphs obtained by appending h  end vertices to all the 

vertices in the well-known classes of graphs, namely the complete, complete split-bipartite, cycle, path, wheel and 

star (with rays of length 1) graphs. The end vertices allowed for a quick solution to the eigen-vector equations of the 

Laplacian matrix satisfying the characteristic equation. We determined the Laplacian energy (based on both 

definitions in section 6.1) for each of these classes of graphs, and anaylsed this energy for 1h  and pn 2 . We 

then determined the Laplacian energy for each class of graph, for large values of n .  

We finally defined the Laplacian eigen-bi-balanced characteristics of a graph and showed that if a graph G has 

a non-zero, integral eigenvalue of its Laplacian matrix, then the graph constructed by appending end vertices to each 

of the vertices in G has a pair of Laplacianeigenvalues, such that the new graph is sum and product Laplacian eigen-

bi-balanced with respect to this pair of Laplacian eigenvalues of the constructed graph. We also determined the 

Laplacian eigen-bi-balanced characteristics for the star sun graph. 
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