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1. Introduction

In many fields of the contemporary science and technology systems with delaying links are often met and the
dynamical processes in these are described by systems of delay differential equations [1-3]. The delay appears in
complicated systems with logical and computing devices, where certain time for information processing is needed.
The theory of linear delay differential equations has been developed in the fundamental monographs [1], [2-6].

Our aim in this paper is to establish a new result for the solutions to second order linear delay differential
equations with constant coefficients and constant delay. Analogous results for the solutions to second order linear
delay differential equations has recently been obtained by the authors [7], [8-10] and Yenigerioglu [11]. Our work in
the present paper is essentially motivated by the results in the papers by Philos and Purnaras [12-17].

Let us consider initial value problem for second order delay differential equation

y'(0)=py'O+py(t-2)+qy0)+q,y(t-7), t=0, (11)
yt)=¢(t) . —-7<t<0, (1.2)
where P;, P,, Q,, 0, are real numbers, 7 is positive real number and ¢@(t) is a given continuously

differentiable initial function on the interval [—z,0].

The equation of form of (1.1) is of interest in biology in explaining self-balancing of the human body and in
robotics in consructing biped robots (see [18], [19]). These are illustrations of inverted pendulum problems. A
typical example is the balancing of a stick (see [20]).

As usual, a twice continuously differentiable real-valued function y defined on the interval [—z,0) is said to

be a solution of the initial value problem (1.1) and (1.2) if y satisfies (1.1) for all t>0 and (1.2) for all
—7<t<0.
It is known that (see, for example, [3]), for any given initial function ¢, there exists a unique solution of the

initial problem (1.1)-(1.2) or, more briefly, the solution of (1.1)-(1.2).
Along with the second order delay differential equation (1.1), we associate the following equation

A=A+ p e 0, +0,e7 (L3)
which will be called the characteristic equation of (1.1). Equation (1.3) is obtained from (1.1) by looking for
solutions of the form Y(t) = e™ for t € IR, where A is a root of the equation (1.3).

For a given solution A of the characteristic equation (1.3), we consider the (first order) delay differential equation
t

2'(t) = (P — 245)2(t) + P& 2(t —7) — (P4, + 0, )e Iz(s)ds. (1.4)
t-r
By a solution of the first order delay differential equation (1.4), we mean a continuous real-valued function z
defined on the interval [—7,00) and satisfies (1.4) forall t >0 )
With the first order delay differential equation (1.4), we associate the equation

O=p, —24+ pze_%rei& —571(1—87&)([)210 +q2)e_ﬂorn (1.5)
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which is said to be the characteristic equation of (1.4). The last equation is obtained from (1.4) by seeking solutions

of the form z(t) =e°" for t € IR, where & is a root of the equation (1.4).

The paper is organized as follows. A known (see Yenigerioglu [11]) asymptotic result for the solutions of the
second order delay differential equation (1.1) is presented in Section 2. Section 3 is devoted to three lemma which
concerns the real roots of the characteristic equation (1.5). The main result of the paper will be given in Section 4.

2. A Known Asymptotic Result

In this section, we will present an asymptotic result for the solutions of the second order delay differential
equation (1.1), which is closely related to the main result of this paper. This asymptotic criterion has recently been
obtained by Yenigerioglu [11].

Theorem 2.1. . Let /10 be real root of the characteristic equation (1.3) and let 50 be real root of the
characteristic equation (1.5), and set

ﬁzo = (P4 + %)Teiﬂor +20, - P — pzeiﬂor #0
and

M6, =1+ P 7 — 5.2 (1— e —Syre ™ XpZ/IO +q, e
Also, define

L(29:4) = ¢'(0) + (22, — P1)#(0) = Po¢(=7) + (P, 4, +0y)e ™ Ie_%sfﬁ(s)ds

and

Ao Ao

R(o: 30:) = $(0) —% 4 gt }esos[e%s 55)- L(;°;¢)]ds

—(pz/loJrqz)e‘”ﬁ’;fe“y(’s ie“""“[e‘%“(/ﬁ(u)—u;—:@]du ds.

(Note that, because of 3, # 0, we always have 0, # 0.) Assume that

Hi, 5, = p, |e_(%+50)17+5(;2 (1_e—5or _5079_50T)| P,A, +0, |e_%r <1l. (2.1)
(This assumption guarantees that 77, , >0.) Then, for any ¢ € C([—T,O], IR), the solution y of (1.1)-(1.2)
satisfies

. L(A,; R X

Ilm e_(ﬂ{l"'é‘o)t y(t) _ (ﬂ"o’¢) e—5ot — (10’50’¢) . (22)

t—o0o ﬁ/lo 7710'50

3. Three lemma
Here, we will give three lemma that is concerned with the real roots of the characteristic equation (1.5).

Lemma 3.1. Let /10 and 50 be real roots of the characteristic equations (1.3) and (1.5), respectively, and let
M40, be defined as in Theorem 2.1. Suppose that

p, <0 and pyAg+g, >0 . (3.1)
Then M50 > 0 if (1.5) has another real root less than o, , and 0.6, <0 if (1.5) has another real root greater

than o, .

Proof of Lemma 3.1. Let F(J) denote the characteristic function of (15), e,
F(O)=0—p,+21, — p,e e’ +5 1-e")(p,A, +0,)e

or

F(O)=0—p,+24, — P, e +(p,A, + qz)e‘%f‘[e*‘“ds (3.2)
0
for § € R. We obtain immediately

F'(8) =1+ p,re e +(p,4, +q2)e“°’J'se*5sds (3.3)
0
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for § € R. Furthermore,
F'(0)=-p,re e +(pAo + qz)e‘%fj'sze*‘”ds
0

for § € R. So, taking into account (3.1), we conclude that
F"(6)>0 for §eR. (3.4)

Now, assume that (1.5) has another real root §; with &, < §, (respectively, §; > &, ). From the definition of
the function F by (3.2) it follows that F(6,) = F(8,) = 0, and consequently Rolle’s Theorem guarantees the
existence of a point a with §; < a < &, (resp., §; > a > &, ) such that F'(a) = 0. But, (3.4) implies that F' is
positive on (a,) (resp., F' is negative on
(-o0,a)). Thus we must have F'(6,) > 0 (resp., F'(8,) < 0). The proof of lemma 3.1 can be completed, by observing
that

F’(SO) = 7740,50-
Lemma 3.2. Let A, be real root of the characteristic equations (1.3). Assume that
T

1 1 1
_pze‘(pl—/lo—?)f + (p2Ao + qz)e %o f e~(Pr220-Z)s g o p (3.5)

0

and
T

1 1
lp,|T e~(Pr=20=3)r | |pyAg + e 20T f se~(Pr2ho=z)sge < 1. (3.6)

0
Then, in the interval (p1 — 22 —% ,oo), the characteristic equation (1.5) has a unique root &,; this root satisfies
(2.1), and the root 6, is less than p; — 21, + % , provided that

T

1 1 1
—pze_(pl_’l"Jr?)T + (pado + qz)e‘aﬂff e~(Pr22047)s g6 - 3.7)

0
Proof of Lemma 3.2. Consider the real-valued function F defined by (3.2). The derivative F' of F is given by (3.3).
It follows from (3.2) that

F(P1 — 22 _%) = (pl — 22 _%) — (p1 — 240)
T

_pze‘(l’l—%‘%)f + (paAo + qo)e 4" f e~(p1=220-3)s g

0
T
1 1 (pi—22,- 1
- _?_pze_(pl_lo_T)T‘F(p2/10+CI2)e_AOTfe (o2 as
0

1 1
<——+4+-=0
T T
and consequently, by (3.5), it holds

Moreover, from (3.2) we obtain, for = p; — 24, —% ,

T

F(8) > 6 — (o1 — 20) — Ipale 1% 5% — [pydo + guleo7 f e55ds

0
T

1 1
26— (p1—22) — Ipzle_(”l"l‘)'?)r — p2Ao + qzle‘loff e~(Pr=2ho-2)s g
0

Therefore,
Furthermore, using (3.3), we have, for every & > p; — 24, — % :
T

F'(6) 21— |p,lte™%e=5% — |p,A, + qzle‘AOTJse“ssds

0
T

1 1
>1- |P2|Te_(p1_lo_?)r — P2 + gale™" j e_(pl_“o_?)sds

0
>1-1=0.
Consequently, in view of (3.6), it holds
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F'(6) >0 forall § >p, — 24, —%,
which implies that F is strictly increasing on (p1 — 21, —% ,oo). By using this fact as well as (3.8) and (3.9), we

conclude that, in the intreval (p1 — 21, —% ,oo), the equation F(&) = 0 (which coincides with (1.5)) has a unique
real root &,. This root satisfies (2.1). Indeed, by using again (3.6), we have
T

1 1
Uy 5, < Il P20 2 4 p, 20+ gyle—or f se (P20 T g

0
<1.

Finally, let us assume that (3.7) holds. Then it follows from (3.2) that
T
1 1 1 1
F <p1 m 2t ;) T Pze_(pl_AOJr?)T + (P20 + CIz)e_AOTJ. e_(pl_uﬁ?)sds
0

11
>--2=0.
T T

As F (p1 =210 + %) >0, we see that &, must be less than p; — 24, +%. This completes the proof of the
lemma 3.2.
Lemma 3.3. Let A, be real root of the characteristic equations (1.3). Suppose that statement (3.1) is true. Then we
have:

a) Intheinterval [p; — 21, , ), the characteristic equation (1.5) has no roots.

b) Assume that (3.5) holds. Then: (i) § = p; — 24, —% is not a root of the characteristic equation (1.5). (ii) In
the interval (p1 — 21, —% , D1 — 2/10), (1.5) has a unique root.
(iii) In the interval (—oo, p1— 24 — %) , (1.5) has a unique root.

Proof of Lemma 3.3. a) Let & be real root of the characteristic equation (1.5). Using (3.1), we can immediately see
that

T

pze‘(’10+3)f — (ppAg + qp)e %o f e=55ds < 0.

0
Hence, from (1.5) it follows that § — (p; — 21,) < 0, i.e., § < (p; —24,) . We have thus proved that every real
root of (1.5) is always less than p; — 24, .
b) Consider the real-valued function F defined by (3.2). As in the proof of Lemma 3.1, we see that (3.4) holds
and consequently
F isconvexonR. (3.10)
Next, we observe that, as in the proof of Lemma 3.2, assumption (3.5) means that (3.8) holds true. Inequality (3.8)
implies, in particular, that § = p; — 24, —% is not a root of the characteristic equation (1.5). From (3.2) we obtain
T
F(py — 2A¢) = —pye~P17207 4 (p, 4y + qy)e 7 f e~ (P1m220)sgs
0
So, by using (3.1), we conclude that
F(py —22y) > 0. (3.12)
Furthermore, from (3.2) we get
F(8) =6 — (p; — 21g) — pre”%o*dT  for § ER.
Using this inequality, it is not difficult to show that
F(—) =0, (3.12)
From (3.8), (3.10) and (3.11) it follows that, in the interval (p1 — 24, —% D1 — 2/10), the characteristic equation

(1.5) has a unique root. Moreover, (3.8), (3.10) and (3.12) guarantee that, in the interval (—oo, p1— 24y — %) (1.5)
has also a unique root. The proof of the lemma 3.3 is complete.

4. The Main Result
Theorem 4.1. Let A, and &, be real roots of the characteristic equation (1.3) and (1.5), respectively, and let §;,
N800 L(Ao; @) and R(4, 8; @) be defined as in Theorem 2.1. Suppose that statement (3.1) is true. Also, let &, be
real root of (1.5) with ; # &,. ( Note that, because of §;, # 0, we have 6§, # 0 and §; # 0. Moreover, Lemma 3.1.
guarantees that n, s, # 0 .) Then the solution y of the IVP (1.1) and (1.2) satisfies
L(Ao; ¢) _ o~bot R(o,80; $)

Ao MN20.50

< C3(49, 80,615 ) (4.1)

forallt =0, where

Cy (A, 8¢, 61; p) < e™O1t ety () —
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L(Ag; @) e R(/lo:ao,d))]} (4.2)

.3/10 N20.60

C1(40,60,01;¢) = min { —oat [e_lotfi’(t) -

—T<t<0
and
L A 5 R A ;6 ]
(1:9) _ 5,0 R0, 8 ¢>]} 43
—Tst=0 5/10 N26.50
We see immediately that inequalities (4.1) can equivalently be written as follows
L(Ay; R(Ay, 8p;
C1 (Ao, 8y, 81; e (1700 < =00t [e-ﬂofycw i "”] _ Al %i9)
B, N4o.80
< Cz(/‘{o, 60, 61; ¢)e(61_60)t ) t=> 0.
Hence, if 8; < 8y, then the solution y of the IVP (1.1) and (1.2) satisfies (2.2).
Also, we observe that (4.1) is equivalent to

L(Ay; R4y, 8y;
etot [61(10,60. 8y p)edrt + (1o:9) | Rk ‘”e%f]
B, N2o.50
<y()

ghot [CZ(AO, 8o, 01; p)ed1t +

Cz(lo, 60, 81, ) = max { _61t |:e_10t¢(t) -

L(ﬂ-g; ¢) + R()'Ov 50; ¢) eé'ot]

B, N2o.50
forallt >0.

Proof of Theorem 4.1. Consider an arbitrary initial function ¢ € C([—T,O], IR) and let y be the solution of the

initial problem (1.1)—(1.2). Define
x(t) = e~toty(t) for t> -7

and next, set
L(A; ¢)) _ R(20,60; 9)

w(t) = e %t (x(t) -
Ba, N0,
As it has been shown by Yenicerioglu [11], the fact that y satisfies (1.1) for ¢ = 0 is equivalent to the fact that w

satisfies

for t > —71.

t T t
w(t) = —pze_(’l‘)”o)f jw(s)ds + (pAo + qz)e"lofje“sos jw(u)du ds (4.4)
t—1 0 t—s

for t > 0, while the initial condition (1.2) takes the equivalent form
L(Ay; R(Ay, 6p;
w(t) = e—dot (e"lot(p(t) _ L ¢)>— 0.80:9) p ¢ e [—7,0]. (4.5)

Bao
Now we define
h(t) = e@o=80ty(t) for t > —7. (4.6)
Because of the definitions of x and w, we have the following expression for the function h:
A [e_wy 0 - L0 ®) _ 5 RO i)
Ba, M20,80
Furthermore, by the use of the function h, (4.4) can equivalently be written as
0

NAo.60

fort = —7. (4.7)

h(t) = —p,e~Hotd0)T fe(51'50)5h(s + t)ds

=T

T 0
+(2A0 + q)e " f e %’ f e@1=80) ¥ p(y + t)du  ds (4.8)
0 -s

for t > 0and (4.5) becomes
@) = e ety - HGED - oo K020 D)
'B}LO N20.60

As solution y satisfies the initial condition (1.2), we can use (4.7) as well as the definitions of C;(4,, &y, 81; ¢) and
C, (A, 60, 61; @) by (4.2) and (4.3), respectively, to see that

] for t € [—1,0]. (4.9)

C1(Ag, 80,64 0) = mln h(t) and C,(Ag,89,01;9) = _max h(t) (4.10)
In view of (4.7) and (4.10), the double inequality (4.1) can equwalently wrltten as follows
min h(s) < h(t) < _max h(s) forallt = 0. (4.11)

—T<S<

All we have to prove that (4. 11) hold We will use the fact that h satisfies (4.8) for all ¢ = 0 in order to show that
(4.11) is valid. We restrict ourselves to proving that
h(t) = mm h(s) foreveryt > 0. 4.12)

The proof of the mequallty
h(t) < maxoh(s) foreveryt >0
—T<S<
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can be obtained in a similar way, and so it is omitted. In the rest of the proof we will establish (4.12). In order to so,
we consider an arbitrary real number A with A < nlirloh(s)’ i.e., with
—TsS=<

h(t) >A for—t<t<0. (4.13)
We will show that
h(t) >A forallt = 0. (4.14)

To this end, let us assume that (4.14) fails to hold. Then, because of (4.13), there exists a point t, > 0 so that
h(t) >A for—t<t<t,, and h(ty) = A.
Thus, by using (3.11) and (1.5), from (4.8) we obtain
A = h(to)

0
= —pye~otdo)T J-e(‘sl‘sf’)sh(s + to)ds

T 0
+(p240 + QZ)e_AOTJ-e_(SOS fe(‘gl_‘g")”h(u + to)du p ds
0 -s
0 ; .
>A —pze—(/lo+60)‘r J-e(th—&o)sds + (py4, +q2)e—lorfe_5os fe(al_%)udu ds
T ) J
T
= 5 A = _pze-(lo+50)r[1 - e—(él—éo)r] +(pydy + qz)e—aorf 6_505[1 _ e—(51-5o)5] ds
1~ %0 J
T
= 5 A 5 D2 [e_(ﬂo+61)‘r _ e—(/lo+5o)‘f] +(p2)'0 + qz)e—lo‘rf[e—sos _ 8_615] ds
17 %o
0
A

= o (o[ Vo80T — g~Govdor]
1~ %o

+(pado + q2)e 7[5 (€70 — 1) — 85t (e %07 — 1)])

A
= (p1_210_60+61_p1+2).0)=14
81— &

We have thus arrived at a contradiction and so (4.14) is true. Since (4.14) is satisfied for all real numbers A with
A< minoh(s), it follows that (4.12) is always fulfilled. The proof of the theorem 4.1 is complete.
—T<S<
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