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Abstract 
In 2

k
 complete factorial experiment, the experiment must be carried out in a completely randomized design. When 

the numbers of factors increase, the number of treatment combinations increase and it is not possible to 

accommodate all these treatment combinations in one homogeneous block. In this case, confounding in more than 

one incomplete block becomes necessary. In this paper, we considered the choice of confounding when k > 2. Our 

findings show that the choice of confounding depends on the number of factors, the number of blocks and their sizes. 

When two more interactions are to be confounded, their product module 2 should be considered and thereafter, a 

linear combination equation should be used in allocating the treatment effects in the principal block. Other contents 

in other blocks are generated by multiplication module 2 of the effects not in the principal block. Partial confounding 

is recommended for the interactions that cannot be confounded. 

Keywords: Confounding; Partial confounding; Principal block; Module. 
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1. Introduction 
It is sometimes impossible to run all the observations in a 2

k 
factorial design under homogenous condition [1]. 

This means that, there must be available for experimentation 2
k
 homogenous blocks to accommodate the treatments. 

In this case, the experiment must be performed in more than one incomplete block and such situation is confounding 

in 2
k
 factorial experiment.  

Confounding variables or confounders are often defined as the variables correlate (positively or negatively) with 

both the dependent variable and the independent variable. A Confounder is an extraneous variable whose presence 

affects the variables being studied so that the results do not reflect the actual relationship between the variables under 

study [2]. 

 

2. Methodology  
2.1. Construction of 2

k
 Factorial Design Confounded in 2

b
 Blocks  

Basically, we confound to reduce the experimental error and the block size and it is unavoidable when the 

treatment is greater than the block size. 

Information on the confounded effect is lost and as such we do not confound the main effect. We choose for 

confounding those interactions whose effects are expected to be small or unimportant. The block which contains the 

treatment (I) is called the principal block. The 2
k
 factorial effects are distributed among the blocks as follows: 

i. To the principle block, assign all the treatments which have zero or even number of letters in common with 

the confounded interactions if the confounded interaction is even.  

ii. The contents of the other block is generated by taking the product module 2 between the treatment in the 

principal block and any other treatment not previously assigned as in (i). 

iii. In general, if 2
k
 treatment are to be observed in 2

b
 blocks, then we must confound or select b independently 

chosen interactions and thereafter we notice the 2
b
-b-1 additional interaction are also confounded. 

Experiments with larger numbers of factors can be divided into a larger number of blocks by identifying the 

subgroup and cosets of the treatment group associated with particular contrast subgroups [3]. This is the even or odd 

rule. In odd or even method of confounding, the key block or principal block will contain the even number of 

treatments while the other block will contain odd number of treatments [4]. 

There are some methods of identifying confounded effects. Some of them are: 

a. The even versus odd method 

b. Expansion of products. In this method, the factorial effect whose estimate is desired, takes the value -1 and 

others take +1. The product gives the effect. The effect of AB in 2
2
 factorial experiment will be AB: (a-

1)(b-1)-ab-a-b+(1). 

c. Defining Contrast Method. This method involves constructing the defining contrasts using the general 

expression such as 1 1 1 2 2 ... k kL x x x     
 Where, ix

 is the ith factor appearing in a particular 

treatment combination ; ia
 is the exponent appearing on the ith factor in the effect to be confounded for the 

2
k
 system, we have ia

 = 0 or 1 and ix
 = 0 or 1. Treatment combinations that produce the same block value 

of L (Mod 2) will be placed in the same block. 

The problem is how to choose interactions to be confounded in 2
k
 factorial experiment when k > 2. 

https://creativecommons.org/licenses/by/4.0/
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2.2. Confounding Compared to Balanced Incomplete Block Design (BIBD) 
In order to understand the relationship between confounding and BIBD we consider 2

4
 factorial experiments. 

The treatment combinations are (1), a, b, ab, c, ac, abc, d, ad, bd, abd, cd, acd, bcd, abcd. 

Suppose this 2
4
 is to be conducted in a randomized block design, the corresponding model is   

1,2,...,
( )      

1, 2,...,
ij i j

i t
E y

j b
  


   

       (1) 

Where 


is a constant 

i  is the treatment effect. 

j
 is the block effect and  

Now using the even and odd method, the factorial effects are 

 
1

(1)
2k

A abcd bcd acd cd abd bd ad d abc bc ac c ab b a
r

               
 

 
1

(1)
2k

B abcd bcd acd cd abd bd ad d abc bc ac c ab b a
r

               
 

 
1

(1)
2k

AB abcd bcd acd cd abd bd ad d abc bc ac c ab b a
r

               
 

 
1

(1)
2k

C abcd bcd acd cd abd bd ad d abc bc ac c ab b a
r

               
 

 
1

(1)
2k

AC abcd bcd acd cd abd bd ad d abc bc ac c ab b a
r

               
 

 
1

(1)
2k

BC abcd bcd acd cd abd bd ad d abc bc ac c ab b a
r

               
 

 
1

(1)
2k

ABC abcd bcd acd cd abd bd ad d abc bc ac c ab b a
r

               
 

 
1

(1)
2k

D abcd bcd acd cd abd bd ad d abc bc ac c ab b a
r

               
 

 
1

(1)
2k

AD abcd bcd acd cd abd bd ad d abc bc ac c ab b a
r

               
 

 
1

(1)
2k

BD abcd bcd acd cd abd bd ad d abc bc ac c ab b a
r

               
 

 
1

(1)
2k

ABD abcd bcd acd cd abd bd ad d abc bc ac c ab b a
r

               
 

 
1

(1)
2k

CD abcd bcd acd cd abd bd ad d abc bc ac c ab b a
r

               
 

 
1

(1)
2k

ACD abcd bcd acd cd abd bd ad d abc bc ac c ab b a
r

               
 

 
1

(1)
2k

BCD abcd bcd acd cd abd bd ad d abc bc ac c ab b a
r

               
 

 
1

(1)
2k

ABCD abcd bcd acd cd abd bd ad d abc bc ac c ab b a
r

               
 

r is the number of replication. 

The methods described in section 2.1 may be used to construct a 2
k
 factorial design confounded in 2

b
 blocks 

with the block size exactly 2
k-b

 runs. 

Preferably, only higher order interactions, that is, interactions with three or more factors are confounded, 

because their loss is immaterial [5]. An experimenter is generally interested in main effects and two factor 

interactions and these should not be confounded as far as possible. 

In 2
4
 factorial experiments in 2

1
 blocks, let the confounded interaction effects be abcd. The block size will be 2

4-

1
= 8. Using the even rule method, the principal block will contain all the treatments that have even number of letters 

in common with the confounded effect. The contents of the other block are generated by multiplication module 2 of 

the effects not in the principal block. 
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 1

(1)

Block

ab

ac

bc

ad

bd

cd

abcd

 
 
 
 
 
 
 
 
 
 
 
        

 2Block

a

b

c

abc

d

abd

acd

bcd

 
 
 
 
 
 
 
 
 
 
 
    

The block effects of blocks 1 and 2 are 1 2 and  
, respectively. Then the average responses corresponding to 

treatment combinations (1), a, b, ab, c, ac, abc, d, ad, bd, abd, cd, acd, bcd, abcd are 

2

2

2

2

2

2

2

2

1

[ ( )] ( )

[ ( )] ( )

[ ( )] ( )

[ ( )] ( )

[ ( )] ( )

[ ( )] ( )

[ ( )] ( )

[ ( )] ( )

[ ( )] ( )

E y a a

E y b b

E y c c

E y abc abc

E y d d

E y abd abd

E y acd acd

E y bcd bcd

E y abcd abcd

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  
 

1

1

1

[ ( )] ( )

[ ( )] ( )

[ ( )] ( )

E y cd cd

E y bd bd

E y ad ad

  

  

  

  

  

  
 

1

1

1

1

[ ( )] ( )

[ ( )] ( )

[ ( )] ( )

[ (1)] (1)

E y bc bc

E y ac ac

E y ab ab

E y

  

  

  

  

  

  

  

  
 

The 
( ), ( ),..., (1) and ( ), ( ),..., (1)y a y b y a b  

 denote the responses and treatments to a, b,…, (1) 

respectively. 

Ignoring, the factor 

1

2k r  which is common in A, B,…,ABCD and using 
[ ( )], [ ( )],..., [ ( )]E y a E y b E y abcd

, the effect A can be expressed as follows 

                 

             1

A abcd bcd acd cd abd bd ad d abc

bc ac c ab b a

        

      

        

      
 (2) 

From equation (2), the block effect is not present in A and it is not mixed up with the treatment effects. Here, 

we say that the main effect is not confounded.  

Similarly, for the main effect, B 

                 

             1

B abcd bcd acd cd abd bd ad d abc

bc ac c ab b a

        

      

        

      
 (3) 

Similarly, B is not confounded.  

Others are  

                 

             1

C abcd bcd acd cd abd bd ad d abc

bc ac c ab b a

        

      

        

      
 



Academic Journal of Applied Mathematical Sciences 

 

53 

C is also not confounded. 

                 

             1

D abcd bcd acd cd abd bd ad d abc

bc ac c ab b a

        

      

        

      
 

D is not confounded. 

                 

             1

AB abcd bcd acd cd abd bd ad d abc

bc ac c ab b a

        

      

        

      
 

AB interaction is not confounded. 

                 

             1

AC abcd bcd acd cd abd bd ad d abc

bc ac c ab b a

        

      

        

      
 

AC interaction not confounded. 

                 

             1

AD abcd bcd acd cd abd bd ad d abc

bc ac c ab b a

        

      

        

      
 

AD interaction not confounded. 

                 

             1

BC abcd bcd acd cd abd bd ad d abc

bc ac c ab b a

        

      

        

      
 

BC interaction not confounded. 

                 

             1

BD abcd bcd acd cd abd bd ad d abc

bc ac c ab b a

        

      

        

      
 

                 

             1

ABC abcd bcd acd cd abd bd ad d abc

bc ac c ab b a

        

      

        

      
 

ABC interaction is not confounded. 

                 

             1

ACD abcd bcd acd cd abd bd ad d abc

bc ac c ab b a

        

      

        

      
 

ACD interaction is not confounded. 

In summary, the main effects, two factors and three factors interactions are not confounded. 

The effects of ABCD is  

                   

             

1 28

1

ABCD abcd bcd acd cd abd bd ad d abc

bc ac c ab b a

          

      

          

      

 

Here the block effects are present in ABCD . In fact, the block effects are 1 2 and  
 and are mixed up with 

the treatment effects and cannot be separated individually from the treatment effects in ABCD . So ABCD  is said 

to be confounded (or mixed up) with the blocks.  

Now suppose we decide to have 2
2
 blocks with block size of 2

4-2
 = 4. In this case, we have 4 blocks and as such 

3 interactions will be confounded in blocks. 2 interactions will be chosen independently and thereafter 1 additional 

interaction will be confounded. In general, if 2
k
 treatments are to be observed in 2

b
 blocks, then we must confound or 

select b independently chosen interactions and thereafter we notice that 2
b
 – b – 1 additional interactions are also 

confounded [6]. 

The confoundable three factor interactions are ABC, ABD, ACD, and BCD. 

The generalized interactions of these three factors interactions are: 
2 2( )( )ABC ABD A B CD CD 

                                (4) 
2 2( )( )ABC ACD A BC D BD 

                                (5) 
2 2( )( )ABC BCD AB C D AD 

                                (6) 
2 2( )( )ACD ABD A BCD BC 

                                (7) 
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2 2( )( )ACD BCD ABC D AB 
                                (8) 

2 2( )( )ABD BCD AB D A 
                                  (9) 

In equation (9) interactions  and ABD BCD will not be considered for confounding because; their generalized 

interaction gives the main effect A  which cannot be confounded. 

Using the method of linear combination 

1 1 1 2 2 ... k kL x x x     
 

for interactions 
,  and ABC ABD CD

we have 

1 1 2 3

2 1 2 4

3 3 4

 = 0  mod 2

 = 0  mod 2

 = 0  mod 2

L X X X

L X X X

L X X

  

  

 
 

The equal block contents for 
,  and ABC ABD CD

cannot be obtained. 

However, using 
,  and ABC ACD BD

we have  

1 1 2 3

2 1 3 4

3 2 4

 = 0  mod 2

 = 0  mod 2

 = 0  mod 2

L X X X

L X X X

L X X

  

  

 
 

The block contents are  

Block 1                                       Block 2                              Block 3                              Block 4 

1

abd

ac

bcd

 
 
 
 
 
     

abcd

c

bd

a

 
 
 
 
 
    

acd

bc

d

ab

 
 
 
 
 
     

cd

abc

ad

b

 
 
 
 
 
   

Block 1 satisfies the equation 1 2 3 0   mod 2L L L  
for interactions 

,  and .ABC ACD BD
  

The contents of other blocks are obtained by multiplication module 2 of other effects not in block 1.  

The block effects for ABC are: 

                 

               

1 2 3 44

1

ABC abcd bcd acd cd abd bd ad d

abc bc ac c ab b a

           

       

             

      

 

Similarly, the block effects for  and ACD BD confounded interactions are 

                 

               

1 2 3 44

1

ACD abcd bcd acd cd abd bd ad d

abc bc ac c ab b a

           

       

            

       

 

                 

               

1 2 3 44

1

BD abcd bcd acd cd abd bd ad d

abc bc ac c ab b a

           

       

           

       

We then conclude that are ABC, ACD and BD confounded. 

Other confoundable interactions are: 

,  and AD

,  and 

,  and 

ABC BCD

ACD ABD BC

ACD BCD AB
 

and their corresponding linear combinations are : 

1 1 2 3

2 2 3 4

3 1 4

 = 0  mod 2

 = 0  mod 2

 = 0  mod 2

L X X X

L X X X

L X X

  

  

 
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1 1 3 4

2 1 2 4

3 2 3

 = 0  mod 2

 = 0  mod 2

 = 0  mod 2

L X X X

L X X X

L X X

  

  

 
 

1 1 3 4

2 2 3 4

3 1 2

 = 0  mod 2

 = 0  mod 2

 = 0  mod 2

L X X X

L X X X

L X X

  

  

 
 

 

The block contents for the above three sets of linear combination sets cannot have equal allocation of the 

treatment effects. We therefore conclude that among the seven confoundable interactions, only ABC, ACD and BD 

can be confounded.  

 

2.3. Partial Confounding  
When a factorial experiment is to be conducted or carried out in more than one replication, it is advisable to 

confound different interaction in different replication. 

There are two basic choices when replicating a confounded 2
k
.  Complete confounding means that you confound 

the same effects in every replication. Partial confounding means that you confound different effects in every 

replication. The efficiency of the estimate is the fraction of replicates where the effect is not confounded. E.g., three 

replications and only confounded in one is 2/3 efficiency. With partial confounding you can get non-zero efficiency 

for more effects. Complete confounding gives you zero efficiency for the completely confounded effects [7]. 

The following interactions can be confounded by partial confounding in different replications. 

,  and AD

,  and 

,  and 

ABC BCD

ACD ABD BC

ACD BCD AB
 

For ABC, BCD, and AD we have; 

 1 1 2 3Rep 1 ( )L X X X  
  1 2 3 4Rep 2 ( )L X X X  

      1 1 4Rep 3 ( )L X X      

    

 1

(1)

Block

bcd

acd

abd

bc

ac

ab

d

 
 
 
 
 
 
 
 
 
 
 
    

 2Block

abcd

a

b

c

ad

bd

cd

abc

 
 
 
 
 
 
 
 
 
 
 
                

 1

(1)

Block

acd

cd

abd

bd

abc

bc

abc

 
 
 
 
 
 
 
 
 
 
 
          

 2Block

abcd

b

ab

c

ac

d

ad

d

 
 
 
 
 
 
 
 
 
 
 
                    

 1

(1)

Block

acd

abd

ad

abcd

bc

c

b

 
 
 
 
 
 
 
 
 
 
 
          

 2Block

bcd

ab

ac

abc

a

d

bd

c

 
 
 
 
 
 
 
 
 
 
 
    

     confoundedABC                    confoundedBCD                    confoundedAD  

Similarly, for ACD, ABD and BC we have; 

1 1 3 4Rep 1 ( )L X X X     1 1 2 4Rep 2 ( )L X X X     1 2 3Rep 3 ( )L X X 

 1

(1)

Block

bcd

cd

abd

ad

abc

ac

b

 
 
 
 
 
 
 
 
 
 
 
  

 

 2Block

acd

b

a

bc

c

bd

d

abcd

 
 
 
 
 
 
 
 
 
 
 
              

 1

(1)

Block

bcd

acd

bd

ad

abc

c

ab

 
 
 
 
 
 
 
 
 
 
 
          

 2Block

cd

b

a

bc

ac

abd

d

abcd

 
 
 
 
 
 
 
 
 
 
 
                              

 1

(1)

Block

abcd

bcd

ad

d

abc

bc

a

 
 
 
 
 
 
 
 
 
 
 
             

 2Block

acd

b

ab

c

ac

ad

abd

cd

 
 
 
 
 
 
 
 
 
 
 
    

      confoundedACD                   confoundedABD                                confoundedBC  
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Finally for ACD, BCD and AB we have; 

1 1 3 4Rep 1 ( )L X X X     1 2 3 4Rep 2 ( )L X X X          1 1 2Rep 3 ( )L X X    
 1

(1)

Block

bcd

cd

abd

ad

abc

ac

b

 
 
 
 
 
 
 
 
 
 
 
    

 2Block

acd

b

a

bc

c

bd

d

abcd

 
 
 
 
 
 
 
 
 
 
 
                    

 1

(1)

Block

acd

cd

abd

bd

abc

bc

a

 
 
 
 
 
 
 
 
 
 
 
          

 2Block

abcd

b

ab

c

ac

d

ad

bcd

 
 
 
 
 
 
 
 
 
 
 
                        

1

(1)

Block

abcd

cd

abd

d

abc

c

ab

 
 
 
 
 
 
 
 
 
 
 
           

 2Block

bcd

a

b

ac

bc

abd

bd

acd

 
 
 
 
 
 
 
 
 
 
 
    

 confoundedACD                        confoundedBCD                                confoundedAB  
 

2.4. Discussion of Findings 
In 2

k
 factorial design in 2

b
 blocks of size 2

k-b
 with k > 2, the highest order interactions are always confounded. 

Other confoundable interactions should also be considered depending on the number of blocks and the sizes. When 

two or more of the interactions are to be considered, it is noticed that extra 2
b
 – b – 1 additional interactions are also 

confounded by noticing their product module 2. 

In choosing the set of interactions to be confounded, a linear combination of the form 

1 1 1 2 2 ... 0 mod 2k kL x x x      
should be considered in allocation treatment effects in the principal 

block. When equal numbers of treatments are allocated in 2
b
 blocks of size 2

k-b
 such interactions are confounded, 

otherwise they are not. However, if the experimenter wishes to confound the interactions which cannot be 

confounded with equal allocation of treatment effects, partial confounding becomes the only option. 

 

3. Conclusions  
Confounding in 2

k 
factorial experiments depend on the size of k, the number of blocks and their sizes. If k is 

greater than 3, all possible higher order interactions should be considered for confounding. The method of linear 

combinations should then be used to decide which interactions to be confounded. 
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