“““““ ~ | Academic Journal of Applied Mathematical Sciences
ISSN(e): 2415-2188, ISSN(p): 2415-5225
Vol. 6, Issue. 1, pp: 1-4, 2020

! “’ URL.: https://arpgweb.com/journal/journal/17

—_— DOI: https://doi.org/10.32861/ajams.61.1.4

Academic Research Publishing
Group

Original Research Open Access

Method of Averaging for Some Parabolic Partial Differential Equations

Mahmoud M. El-Borai (Corresponding Author)
Department of Mathematics and Computer Science, Faculty of Science, Alexandria University, Alexandria, Egypt
Email: m_m_elborai@yahoo.com

Hamed Kamal Awad
Department of Mathematics, Faculty of Science, Damanhour University, Damanhour, Egypt

Randa Hamdy M. Ali

Department of Mathematics, Faculty of Science, Damanhour University, Damanhour, Egypt

Abstract

Article History

Received: December 27, 2019
Revised: January 23, 2020
Accepted: January 28, 2020
Published: January 31, 2020

Copyright © 2020 ARPG &
Author

This work is licensed under
the Creative Commons
Attribution International

B ©
\en CC BY: Creative

Commons Attribution
License 4.0

Quantitative and qualitative analysis of the Averaging methods for the parabolic partial differential equation appears as
an exciting field of the investigation. In this paper, we generalize some known results due to Krol on the averaging

methods and use them to solve the parabolic partial differential equation.
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1. Introduction

The investigation in the field of the qualitative and quantitative analysis of the Averaging methods for the

parabolic partial differential equation is more exciting field to be studied. We study the parabolic partial differential
equation in this paper using the technique of the averaging method of the linear operator. In section 2, we study the
averaging of the linear operator where we generalize some known results due to Krol [1]. We consider the following

parabolic partial differential equation in the form:

au((;;, 2 =¢eL(x,t,D)u(x,t), €))
u(x,0) = p(x), (2)
where
L(x,t,D) = aq(x,t)DY, 3)
lqls2m

e >0,x € R",R"™ is the n —dimensional Euclidean space, ¢ = (q; ...q,) is an n —dimensional multi index,
lgl = g4 + -+ q,, D1 = D% .. DI, D; = %. The coefficients aq(x,t) and @(x) are bounded continuous with

Xj

bounded derivatives and Du(x, t) are bounded on x € R™,0 < t < T. In section 3, we discuss a special case for the

problem (1), (2). Compare [2-11].

2. Averaging a Linear Operator

By averaging the coefficients a, (x, t) over t, we can average the operator L
T

1
a,(x) = Tf a,(x,t)DIdt,

C))

0
for all (x,t),x € R™ producing the averaged operator L(x,D) and all the coefficients a,(x),lql < 2m are

bounded continuous with bounded derivatives on R™.
T

_ 1
L(x,D) = ?f Z aq(x,t)D? dt,
0 lgls2zm
like as an approximating problem for (1), (2), we take
adu*(x,t) -
S TR eL(x,D)u*(x,t), (5)
u(x,0) = @(x), (6)

another straightforward analysis display the existence and uniqueness of the solutions of problems (1), (2) and

(5), (6) on the time-scale é

We consider the domain 4 = R™ x [0, T]. The norm ||. ||, is defined by the supremum norm on A and denoted

by
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lluCx, Olle = Sljplu(x, .
2.1. Theorem
Let u(x, t) be the solution of the initial value problem (1), (2) and u*(x,t) be the solution of the initial value
problem (5), (6), then we have the estimate [|u(x,t) — u*(x, t)|l, = 0(&) on the time-scale %
Proof. We consider the near-identity transformation:
t

(x,t) =u*(x,t) + € | (L(x,s,D) — L(x,D))ds u*(x, t), 7
J )

0
we have

I12Cx, ) = Gx, )l = O(e) on the time-scale =,
Differentiation of the near-identity transformation (7) and using the equations (5), (7), we get
a(xt) o (x,0) t ou* (x, )
at ot ot

+e(L(x,t,D) — L(x,D))u*(x,t) + ef(L(x, s,D) — L(x,D))ds
0
t
= eL(x,t,D)fi(x,t) — e2L(x,t,D) f(L(x, s,D) — L(x,D))ds u*(x,t)
0

t
+&%L(x, D) f(L(x, s,D) — L(x,D))ds u*(x,t)

=0£L(x, t,D)ti(x,t)
t
+¢? f[(L(x, s,D) — L(x,D))L(x, D) — L(x,t, D)(L(x,s,D) — L(x, D))] ds u*(x,t)
’ =eL(x,t,D)i(x,t) + &2 M (x,t,D) u*(x,t),
with initial value #@i(x, 0) = ¢(x), where

M(x,t,D) = f [(L(x,s, D) — L(x, D))L(x, D)

0

—L(x,t,D)(L(x,s,D) — L(x,D))]ds.
Let
9 L(x,t,D) =L
at & 'xJ 1] - )
we obtain

LA(x,t) = e2M(x,t,D) u*(x,t),
Lu*(x,t) = 0(¢) on the time-scale f
then
L (G(x, t) —u*(x,t)) = 0(¢) on the time-scale i
Moreover i(x,0) — u*(x, 0) = 0. To end the proof we use barrier functions see [12].
Letc = |[M(x,t, D) u*(x,t)|l,, we introduce the barrier function
B(x,t) = g%ct,
and the functions (we omit the arguments)
Z(x, t) =1(x, t) —ulx,t) — B(x,t), Z,(x, t) = 4(x,t) — ulx, t) + B(x, t).

We get

LZ(x,t) = (% —eL(x,t, D)) [G(x, t) —ulx,t) — B(x, t)]

=2 M (x,t,D) u*(x,t) — €2||M (x,t, D) u*(x, )|l + €3¢ t L(x,t,D)
<0,
Z,(x,0) = 0 and similarly £ Z,(x,t) = 0, Z,(x,0) = 0.
Z,(x,t) and Z,(x, t) are bounded, resulting in Z, (x,t) < 0 and Z,(x, t) = 0. It follows that
—B(x,t) <(x,t) —ulx,t) < B(x,t),
—g2ct <h(x, t) —ulx,t) < ct,
SO we can estimate
laCx, ) —ulx, Olle < IB(x, )l = 0(e),

on the time-scale é We can use the triangle inequality to have

lluCe, t) —u (e, Ollo < 80k, t) — w' (x, )l + 1820, £) — ulx, Ol
= 0(¢&) on the time-scale 5.-

3. A Special Case

Consider the partial differential equation:



http://arpgweb.com/?ic=journal&journal=17

Academic Journal of Applied Mathematical Sciences

du(x,t)
ot = El@ulx), ®)
u(x,0) = ¢(x), 9
where
Ly(D) = (Df + -+ D)**, (10)

N is a sufficiently large positive integer.
Let Cp, (R™) is the set of all bounded continuous functions on R™.
Consider the following Cauchy problem [6]:

au(x’ t) 2 2\2N+1
5 = (Of + 4+ D)l b), (11)
u(x,0) = p(x) € C,(R™). (12)

The solution of the Cauchy problem (11), (12) is given by:
u(x, t) =f G(x—y,e(y)dy,
Rn

where the function G is the fundamental solution of the Cauchy problem (11), (12) and dy = dy, ...dy,,.
For sufficiently large N, we find y € (0,1) and a constant M > 0 such that:

M
max|Du(x, t)| < t—ymaxlfp(x)l,
X X
forall t > 0,|g| < m. Like as an approximating problems for (8), (9), we take
au*(x,t) -
—_— = €L1(D)u*(x; t)' (13)
u(x,0) = p(x), (14)
where ~
Ly (D) = L, (D),
another straightforward analysis displays the existence and uniqueness of the solutions of problems (8), (9) and
(13), (14) on the time-scale i

3.1. Theorem
Let u(x,t) be the solution of the initial value problem (8), (9) and u*(x, t) be the solution of the initial value
problem (13), (14), then we have the estimate ||[u(x, t) — u*(x, t)|l, = 0.
Proof. By using the near-identity transformation (7), we have
laCx, t) — u(x, Oll, = 0.
Differentiation of the near-identity transformation (7) and using the equations (7), (13), we have

ou(x,t) ou(x,t
alrt) _ ow'(x )=eL(x,t,D)ﬁ(x,t),

ot
with initial value @i(x, 0) = ¢(x),
Let
d
ot eL,(D) = Ly,
we get
L, G(x,t) =0,

Ly (Gx, t) —u*(x,t)) =0.
Moreover i(x, 0) — u*(x,0) = 0.We introduce the barrier function
B, (x,t) =0,
and the functions (we omit the arguments)
Zs(x,t) =10, t) —ulx,t) — B (x, t), Z,(x, t) =1(x, t) —ulx, t) + B, (x,t).
We get

0
Ly Z3(x,t) = (& - €L1(D)> [2(x, t) —ulx,t) — By (x,t)]

=0,

Z5(x,0) = 0 and similarly £; Z,(x,t) =0, Z,(x,0) = 0.

Z5(x,t) and Z,(x, t) are bounded, resulting in Z;(x,t) = 0 and Z,(x, t) = 0. It follows that
i(x,t) —u(x,t) =0,

S0
laCe,t) — ulx, t)lle = 0.
We can use the triangle inequality to obtain
lluCe,t) —w (x, e, = 0.m

4. Conclusion

This paper is focused on generalizing some known results due to Krol on the averaging methods to solve the
parabolic partial differential equation. As a special case Cauchy problem is solved for the parabolic partial
differential equation.
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