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Abstract

In this paper a three-step two hybrid block method with two offgrid hybrid points chosen within interval [X,,Xn+1] and
[Xn+1,Xn+2] Was developed to solve second Order Ordinary Differential Equations directly, using the power series as the
basic function to approximate and generate some continuous schemes. The basic propertise of the method was
investigated and was found to converge. Numerical Solution of our method was tested on some stiff equations and was
found to give better approximation than the existing method.

Keywords: Three-step; Block method; Two hybrid points.

AMS Subject Classification: 65L05, 65L06, 65L.20.

1. Introduction
In this paper we intend to solve second derivative initial value problem using power series of order fourteen
given of the form

ORI S EEY ] ®

h
j=0
which is proposed as general second derivative solution of initial value problems of the form
y= 100y y () ylo)=yo, ¥'(x0)= 2)

Solving higher order derivatives directly by block method tend to be better off than the reduction to system of
first-order approach which involves more functions to evaluate. Its remedy the set back encounters in the reduction
method, the direct block method retain some basic character of linear multistep method that share common
propertise of Runge-Kutta at orther points order than the step points, as contain is Raymond, et al. [1], Raymond, et
al. [2], Mohammad and Zurni [3], Abdelrahim and Zurni [4], Adeniran and Ogundare [5], Adesanya, et al. [6] to
mentioned but a few. Also many researcher adopted the interpolation and collocation of power series to generate
continuous linear multistep method, most especially Awoyemi, et al. [7] and Fatunla [8].

We proposed in this paper a three-step hybrid block third derivative method with two offgrid of order thirteen to
solve some second order initial value problems directly which is implemented in block.

This paper is organise as follows: In section 2, we discuss the methods and the materials for the development of
the method. Section 3 considers analysis of the basis properties of the method, which include convergence and
stability region and some numerical experiments where the efficiency of the derived method is tested on some stiff
numerical examples. Lastly, the conclusion shall be drawn in section 4.

2. Derivation of the Method

We intend to develop a method of the form

Za Yn+J +Zh [Z'BJ n+j +'Bk n+k:l+zh l:zngnﬂ +7kgn+k] k = %g
i=

JO*

Subject to the consistency condition

k
Zh'(ﬂj +,Bk):0, where K is a rational number
j=0
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(X), B (x),7: (x)and y, (x . . i . N
’BJ( ) ’Bk( ) 7/’< ) yk( ) are the continuous coefficients of the method. Ynei the numerical approximation

to the exact solution y(xnﬂ-), froj =1 (Xn+j ’y(xn+j » j=01,2,3,k and
gn+] = f”'( n+j ’y(xn+j»’ J =011!2131 k
Consider the solution of the form
2s+r-1 (X X j
:E:a
(2

where I =2and S = 6 are the numbers of interpolation and collocation points respectively, is considered to be a
solution to (1).
Differentiating (2) twice and thrice gives

y"(X)=2TZ; hz?jjilz)![x — ]J_ = f(xy,y)

y'(x)= Zsi_l hzzljjils)! [X_hxn jj_s =ol .y )

i=3
Substituting (3) into (1) gives
2s+r-1

floyy)- 3 hzzjilz)! (X_ : j” p2 hz?jjils)! (X_hxn J”’ @)

j=2 j=3

I
o
f\)lH

3
11151213 Xn+r1r

and Interpolating Equation (2) at , gives a

X
Collocating (4) at all points e
system of non linear equation of the form

2s+r-1 X —Xp J
%o aj( h ) o+

2s+r-1 ajj! _ -2
j X —Xp , .
> ( ) =f'(xyy
j=2 h2(j —2)! h ( )

2s4r-1  ajj! (yx_x. )33
> ] ( ”j =g'(xy.y,y")

i=2 h%(j-2pl h ©)

Solving (5) for &S using Gaussian elimination method, gives a continuous hybrid linear multistep method of
the form

| 3
13
Za Yntj +Zh l:zﬁl n+j +ﬂk ﬂ+k:l+zh |:Z7/jgn+j +7kgn+k:l k—E E (6)
j= O— i=2 =0 i=3 j=0
where
2( xn—i—x) o :2( xn—l—x)
o,=1- 1 h
.0 h 2
3920185597 1 1667 (%) , 8521 (x—x,)’
Po=""208806998a0 (* X)) 1 T 5 (¥ Tx)T a2 T2 20 P
o330 (v —x,)°
4860 4
_ 7 _ 8 _ 9 _ 10
4 135475 (x xn) _36037 (x Xn) N 154817 (x xn) _7787 (x xn)
6804 n 2592 1 23328 X 3645 58
L 39 (x—x,)"
891 h9
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13 (rx)” L] (x=x)"
243~ 0 351 4l
4
93222191 1024 (¥ —x,) x—x) x—x)\°
B =229 27264 (X~ %) 110848 (¥ —%,)
L 2864860000 (* ~ ¥n) " 1ps 2t e 3 125 I
2208 (x—x,) 348608 (x—x)" 1675552 (x—x,) _ 587008 (x —x,)"
175 n 3375 JA 30375 h 30375 JAs
L 158912 (x—x,)" 5504 (x—x,)" L 3968 (x—x,)"
37125 X 10125 p10 131625 1
g o 0166247 ., 81 (x—x,)° 189 (x—x,)° L 2127 (x—x,) 675 (x—x,)°
1 =7 369008640 (¥ T *n) 20 10 . 56 E 16 16
_ 8161 (x—x) s (x—x)" N 3—x)" g (r—x)” L L (x —x)"
288 n’ 45 A n 33 ,10 39 pll
4
11284457 256 (¥ —x,) —x ) —x )
__ 1284457 v, 20 8 T e () 128384 (¥ —x,)
B% 116756640 (* ~*n) 27 2 " las h3" + rs h4”
8896 (¥ —x,)
63 I
L 9728 (x_xn)8_48736 (x—x)  ssaas (x—x,)" 448 (x—x)" 60 (x—x)"
81 16 729 W7 3645 I 81 X 891 410
128 (x —x,)"
3159 pll
g o 244041400 41 (x—x,)" 1041 (x—x,)° | 5563 (x—x,)°
2= 9063233280 (¥ ) 16 22 80 E 180 .
1217 (x—x,)
28 >
| 33839 (x—xn)g_ 180475 (x —x,) L 10921 (x—x,)" 59 (—x)" 260 (x—x,)"
864 JA 7776 n’ 1215 A 27 B 891 ,10
9 (xmx)°
1053 0
B I8SSITL_ oy 23 (x—x,)} 2387 (x—x) 261 (x—x,)°
3 =" 1245404160000 (* ~ *n) 3375 2 67500 ;3 30375 4
6717 (=) L 6353 (x=x)° 7103 (x—x,)’°
340200 0 54000 40 972000 57
L 908 (—x)" 287 (x—x)"
30375 g8 37125 50
382 -2 29 (x—x)"
334125 ,10 394875 AL
5
169905979 , 1 , 3 () 1249 (X ~%) 68 (Y~ %)
Yo =" 29889699840 (¥ T Xn) BT ¢ (x T %) g h 720 e 27 B
L 16721 (x—xn)7_7507 (=) 17993 (x—x,) 178 (x—x)" 23 (x—x,)"
6804 x 4536 50 23328 10 729 % 4455 5
e (mx)? 1 mn)"
2673 X 3159 410
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4
8968109 2 96 (FT%) 06 (x—x) 384 (x—x)°
Y% t62162000 ") s T+ 25 ( hz”) -3 ( h3”)
L1312 (x—x,)
35 A
8 9 10 11
45208 (X —X,) 29696 (¥ —%,) 10064 (¥~ *,) L 2656 (x—x,)
1575 W 2025 JA 2025 A 2475 A
12
C 992 (¥ —x,)
7425 40
. 64 (x_xn)l3
§775 10
3772517 ), 27 (x—x)t 162 (x—x)" 283 (r—x)° L 277 (x—x,)
Y17 571520 F T ) T T 5 K 40 i 56 n
7611 (¥~ x,)° L 4139 (x—x,) 697 (x—x,)" L 193 (-x)"' 5 (x—x,)"
224 n 96 A 45 n’ 55 A 11 n
13
+L (x—xn)
39 p10
Yy =8 Y-SR G0 g (o) e (o)
3 116756640 n 9 h + T a05 3

13856 (¥ —*,)

243 i
8 9 10 11
28424 (¥ —x,) | 21088 (x—x,) 39728 (*—%,) L 11488 (x—x,)
567 5 729 X 3645 X 4455 8
12
C 928 (¥ —x,)
2673 10
13
+ 64 (x - xn)
3159 410
11862673 2 3 (x —xn)4 + 153 (X _xn)s _ 137 (x _xn)6 + 181 (X _xn)7
%= 3321077760 F ) T T, 80 e 30 w 28 n*
5917 (¥ —x,)° L 9097 (x—x,) 556 (¥ -x)"° 167 (x—x)" 14 (¥ —x,)"
1008 43 2502 6 405 W7 495 18 297 10
. 1 (x . xn)13
351 ,10
5 6
7658447 2 1 (x - xn)4 + 13 (x B xn) _ 229 (x — xn)
YT Ta7242496000 T W) M 500 T 2250 0 2 16200 3
7 8 9
1403 (¥ —x,) 8809 (¥ —x,) L 1073 (x—x,)
68040 ;4 453600 45 583200 6

10 11
oL (v=x) 20 (*7%)
18225 n 22275 n8
12 13
s (mx) 1 (fT)
66825 n 78975 pl0
Differentiating (6) once yields

' 1 3 3
p (X):F ZlaijjJrh ij fej +Zﬂj foej +h? Bifosj +Zﬂj frij
j=0

. _ i 1 =0
=02 =2 1
=2 %22 )

N w

™
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Xnin X 30 X400 Xni3
n+=

Equation (6) is evaluated at the non-interpolating points

Xnr X 10 Xh410 X 35 Xnpoy Xpy3
n+= n+=

2

1
ACNS) =" hieyy) + b2, f (v, )+ h?d; T (ym)+h3c f (v,)+hn f (y,,)

Where

@
Il
O O O O o

when i=1

2

i=0

o O O o o

O O O O o

o O O o o

, which produces the following general equations in block form

m- Y 1YY 3 Yns22Yngs
n+= n+=

' f(ym): Fopfert gty fhgs 'g(ym): 9 19419
n+— n n n

2

2

’ f(yn): fg ot gty

0
A( ) =10x10 jdentity matrix

2

,g(yn): 9 -3 92 gn

0 0 3920185597 0 o
r 1 597793996®
= 1464961
e = 0000 é b. = 000 1%55911? c.=|0 0 O
110000 S0 82001920 | 0
1175047
0000 2 000 000
0000 3] 32;‘3?;‘5
000 222 000
i 80080 | L
[ 93222191 6166247 11284457 244941409 78553271
9729720000 738017280 233513280 199264665® 249080832000
5791264 29129 169952 112547 428531
50675625 480480 1216215 3243240 4864860000
10804509 23372469 87639 4943349 1543071
40040000 82001920 320320 82001920  102502400@
65818624 25112 2097152 136849 34376
152026875 45045 3648645 1216215 152026875
1946592 802629 7968 219753 1051431
625625 160160 5005 80080 20020000 |
[ 8968109 —3772517 —4089983 -—11862673  — 7658447 |
324324000 105431040 233513280 6642155520 149448499200
—-36104  —38743  —20248 — 2417 ~773
482625 360360 405405 480480 54054000
—948429 -15009381 —14373 — 64881 —50049
8008000 82001920 160160 7454720 2050048000
~147968  —1012 88576 - 5932 476
921375 4095 729729 405405 13030875
33048 159651 13032 17253 -5391
125125 80080 5005 22880 1001000

+
2

2

169905979 |

5977939969

89963

12972960
129807

11714560
55714

3648645
603

14560

and (7) at all points

®)

3 9n+2%+3

3'9n-1%n

19


http://arpgweb.com/?ic=journal&journal=17

Academic Journal of Applied Mathematical Sciences

_o 0 5044147 | [ 87839 140257 211177 4534709 96367
29859840 972000 4055040 1283040 109486080 912384000
00001 0 0 19919 9248 4379 8032 20473 1279
00001 116640 30375 15840 40095 427680 10692000
e {000 01|b -loooo 019 | 4 _| 1269 234009 769 24759 1471
0 000 01 0 40960 0 4000 450560 1760 450560 11264000
629 2048 284 26624 3373 4
00001 0000 =08 6075 495 40095 13365 22275
0000 103 864 19683 416 14877 12197
L 160 | | 125 1760 55 1760 44000 |
_0 0 0 18588527 | [ —1044947 —3487481 —213019 -1535441 197189 |
2299207680 9979200 28385280 3592512 255467520 114960384@
000 74203 13792  -18643 -19648  —6901 _871
8981280 155925 110880 280665 997920 44906400
¢ —loooo 2827 | 40641 —438129 —2319 — 4941 ~333
Y 3153920 |0 123200 3153920 24640 630781 15769600
000 0 2371 ~512 -80 -9728 ~619 -8
280665 6237 693 280665 31185 280665
000 0 723 2592 79461 576 24219 ~1311
L 12320 1925 12320 77 12320 61600
3. Analysis of Basic Properties of the Method
3.1. Order of the Block
The linear operator associated with the block (8) is defined as,
. 0 2 3
L{y(x); h} = ACN () Zheyn (b f (yn)+ i F (Ym) ) =°(ci9(yn)+ 19 (Ym) ) )

Expanding (9) using Taylor series and comparing the coefficients in h gives

L{y(x);h}: coy(x)+ clhy'(x)+czhzy"(x)+...+cphpyp( )

Definition 1:

given by
thik = Cp
For our method

' Cp+2

p+1h p+1

P e

p+

2hp+2 p+2( ) B

the block (8) associated with the linear operator is said to be of order
.=Cp=0 cpy=0.and cp,, #0

(10)

P if

is called the error constant and the local truncation error is

Zh(p+2)y(p+2) (xn )_|_ o(h p+3)

@)

Comparing the coefficient of N gives Co=C=C=Cg=". .. =Cu=0,
10818347 19391 22941 443 945
c. _| 707022915895296000 " 460301377536000 ' 323284369408000 ' 4315325414400 ' 22528
14 8968109 38743 4791 1483 1797

176755728973824000 ' 690452066304000 ' 80821092352000 ' 21576627072000 ' 315707392000

3.2. Zero Stability of Our Method

Definition 2: A block (8) is said to be zero-stable if as

k
p(z)= de{z Az } =0
0 s

polynomial pla)= that is

h—0

, the

root

z;,i=1)k

of the first characteristic

< .
Satisfies |Z'|_1 and for those roots with |Z'|:1,

multiplicity must not exceed two. The block method for k=3, with two off-grid collocation point expressed in the

form
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1000000000 |/000010000 1
0100000000 000010000%
0010000000 |pgoo0010000 N
0001000000 545060610000 2
p(z)zzggggéggg88_0000100003h228(z_1)2

000000000 1
0000001000 |0 00000000 1
0000000100 1544000000 1
00000000120 |0 00000000 1
0000000001 1500000000 1)

plz)=2%(z-17 =0,
Hence, our method is zero-stable.

3.3. Regions of Absolute Stability (RAS)
The stability polynomial for K=3 with two off-step points gives

_ 15 752159 4 367 5) 14 1621 5 970472249 4
h (W) =-h -_— W - W -h W+ "
454618644480000 8742666240000 11271536640000 20457839001600000
(1 s 101922553 2) 1 15052931 5 568986294211 4
—h +| W —h W + w
14529715200000 227309322240000 20457839001600000 61373517004800000

251133577241 4 55674431 1365924863 5 23620065761 4
W — W+ |W
5260587171840000 469695283200000 1315146792960000 101165137920000

+ h11

86906999 5 669035398667 22630147597 5 62079338540911 | 4
+ w + '
35227146240000 70454292480000 197272018944000 98636009472000
7(( 756356329 125448836357 | 4 116477849 | 5 [ 39440548429 | 3
-h + w +h —_— W +| (W
733898880000 287400960000 25369344000 25369344000
5 2953 89987159 4 4 29613499 | 5 4738380307 | 3 3( ( 105077 | 4 5673887 5
w [—h W — w |+h W — w
449280 19008000 741312000 741312000 17820 23166000
.2 4537583 37161217 3 5 4
\ +W —-w
9266400 9266400
The absolute stability region of our method is then given by figure below
0.4 ¢ T T
0.3 BN
L/ \
0.1

-0.3 /

-0.4° : : : : = : L
-0.5 -0.4 -0.3 -0.2 -0.1 (0] 0.1 0.2

3.3. Numerical Example
Problem 1. We consider a highly stiff problem
y"+1001y'+1000y, y(0)=1,y'(0)=-1
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o y(W)=exp(-x)h==
Exact Solution: 10

Table-1. Comparison of the proposed method with Adeniran and Ogundare (2015)

X- Exact Solution Computed Solution Error in our | Error in Adeniran
values method & Ogundare (2015)
0.100 | 0.90483741803595957316 | 0.90483741803595958558 | 1.24200E(-17) | 2.05E(-11)
0.200 | 0.81873075307798185867 | 0.81873075307798185409 | 4.58000E(-18) | 4.39E(-11)
0.300 | 0.74081822068171786607 | 0.74081822068171801968 | 1.53610E(-16) | 6.55E(-11)
0.400 | 0.67032004603563930074 | 0.67032004603563944601 | 1.45270E(-16) | 8.38E(-11)
0.500 | 0.60653065971263342360 | 0.60653065971263356194 | 1.38340E(-16) | 9.86E(-11)
0.600 | 0.54881163609402643263 | 0.54881163609402656540 | 1.32770E(-16) | 1.10E(-10)
0.700 | 0.49658530379140951470 | 0.49658530379140964328 | 1.28580E(-16) | 1.19E(-10)
0.800 | 0.44932896411722159143 | 0.44932896411722171709 | 1.25660E(-16) | 1.24E(-10)
0.900 | 0.40656965974059911188 | 0.40656965974059923585 | 1.23970E(-16) | 1.28E(-10)
1.00 0.36787944117144232160 | 0.36787944117144244514 | 1.23540E(-16) | 1.30E(-10)

Problem I1. We consider the second order ODE

Exact Solution:

f(x,y,y')=100y ,
. 1
— -10x th h= —
y(x)=e"™ wi 100

Table-2. Comparison of the proposed method with Mohammad and Zurni [3]

y(0)=1, y'(0)=-10 .

X- Exact Solution Computed Solution Error in our | Error in Mohammad
values method and Zurni [3]
0.01 0.90483741803595957316 | 0.90483741803595957318 | 2.0000E(-20) | 0.0000000000
0.02 0.81873075307798185867 | 0.81873075307798185869 | 2.0000E(-20) | 2.431388E(-14)
0.03 0.74081822068171786607 | 0.74081822068171786605 | 2.0000E(-20) | 7.105427E(-14)
0.04 0.67032004603563930074 | 0.67032004603563930074 | 0.000000000 | 1.384448E(-13)
0.05 0.60653065971263342360 | 0.60653065971263342358 | 2.0000E(-20) | 2.257083E(-13)
0.06 0.54881163609402643263 | 0.54881163609402643258 | 5.0000E(-20) | 3.316236E(-13)
0.07 0.49658530379140951470 | 0.49658530379140951466 | 4.0000E(-20) | 4.555800E(-13)
0.08 0.44932896411722159143 | 0.44932896411722159138 | 5.0000E(-20) | 5.974665E(-13)
0.09 0.40656965974059911188 | 0.40656965974059911180 | 8.0000E(-20) | 7.575052E(-13)
0.10 0.36787944117144232160 | 0.36787944117144232150 | 1.0000E(-19) | 8.361956E(-13)
0.11 0.33287108369807955329 | 0.33287108369807955318 | 1.1000E(-19) | 1.134096E(-19)
0.12 0.30119421191220209664 | 0.30119421191220209651 | 1.3000E(-19) | 1.352474E(-12)

problem 1. Ty, y)=y", y(0)=1, y'(0)=-1,0<x<L.

y(x)=1-¢* with h=—
Exact Solution: 10

Table-3. Comparison of the proposed method with Raymond, et al. [1]

X- Exact Solution Computed Solution Error in our | Error in Raymond, et
values method al. [1]

0.1 -0.1051709180756476248 | -0.10517091807564762482 | 2.0000E(-20) | 1.0000E(-20)
0.2 -0.2214027581601698339 | -0.22140275816016983392 | 2.0000E(-20) | 2.0000E(-20)
0.3 -0.3498588075760031040 | -0.34985880757600310399 | 1.0000E(-20) | 3.9000E(-19)
0.4 -0.4918246976412703178 | -0.49182469764127031785 | 5.0000E(-20) | 1.1600E(-18)
0.5 -0.6487212707001281468 | -0.64872127070012814688 | 8.0000E(-20) | 2.0700E(-18)
0.6 -0.8221188003905089749 | -0.82211880039050897492 | 2.0000E(-20) | 3.3900E(-18)
0.7 -1.0137527074704765216 | -1.01375270747047652170 | 1.0000E(-19) | 5.8000E(-18)
0.8 -1.2255409284924676046 | -1.22554092849246760470 | 1.0000E(-19) | 8.3000E(-18)
0.9 -1.4596031111569496638 | -1.45960311115694966390 | 1.0000E(-19) | 1.15000E(-17)
1.0 -1.7182818284590452354 | -1.71828182845904523550 | 1.0000E(-19) | 1.60000E(-17)

4. Conclusions

It is shown from the tables of result that our proposed methods are indeed accurate, and can handle stiff
equations. Comparing the new method with the existing method of Adeniran and Ogundare [5], Mohammad and
Zurni [3] and Raymond, et al. [2],the result presented in the tables 1, 2 and 3 respectively shows that the new method



http://arpgweb.com/?ic=journal&journal=17

Academic Journal of Applied Mathematical Sciences

performs better than the existing method. Three steps with two offgrid points method is derive through collocation
and interpolation technique, the developed method converges and is of Order twelve.
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