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Abstract 
In this paper a three-step two hybrid block method with two offgrid hybrid points chosen within interval [Xn,Xn+1]   and 

[Xn+1,Xn+2] was developed to solve second Order Ordinary Differential Equations directly, using the power series as the 

basic function to approximate and generate some continuous schemes. The basic propertise of the method was 

investigated and was found to converge. Numerical Solution of our method was tested on some stiff equations and was 
found to give better approximation than the existing method. 
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1. Introduction 
In this paper we intend to solve second derivative initial value problem using power series of order fourteen 

given of the form  
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which is proposed as general second derivative solution of initial value problems of the form  

         0000 '',,',,'' yxyyxyxyxyxfy 
                                                                                    (2) 

Solving higher order derivatives directly by block method tend to be better off than the reduction to system of 

first-order approach which involves more functions to evaluate. Its remedy the set back encounters in the reduction 

method, the direct block method retain some basic character of linear multistep method that share common 

propertise of Runge-Kutta at orther points order than the step points, as contain is Raymond, et al. [1],  Raymond, et 
al. [2], Mohammad and Zurni [3], Abdelrahim and Zurni [4], Adeniran and Ogundare [5], Adesanya, et al. [6] to 

mentioned but a few. Also many researcher adopted the interpolation and collocation of power series to generate 

continuous linear multistep method, most especially Awoyemi, et al. [7] and Fatunla [8]. 

We proposed in this paper a three-step hybrid block third derivative method with two offgrid of order thirteen to 

solve some second order initial value problems directly which is implemented in block.  

This paper is organise as follows: In section 2, we discuss the methods and the materials for the development of 

the method. Section 3 considers analysis of the basis properties of the method, which include convergence and 

stability region and some numerical experiments where the efficiency of the derived method is tested on some stiff 

numerical examples. Lastly, the conclusion shall be drawn in section 4. 

 

2. Derivation of the Method 
 We intend to develop a method of the form 
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Subject to the consistency condition 
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       xandxxx kjkj  ,,
 are the continuous coefficients of the method. jny   the numerical approximation 

to the exact solution 
     kjxyxffxy jnjnjnjn ,3,2,1,0,,'',    and 

   kjxyxfg jnjnjn ,3,2,1,0,,'''    
Consider the solution of the form  
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 where 2r and 6s are the numbers of interpolation and collocation points respectively, is considered to be a 

solution to (1). 

 Differentiating (2) twice and thrice gives  
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Substituting (3) into (1) gives  
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Collocating (4) at all points 
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 and Interpolating Equation (2) at 2

1
,0,  rx rn

, gives a 
system of non linear equation of the form 

 
 

 
 
































 



 












 



 













 

'',',,'

312

2 !22

!

',,'

212

2 !22

!

12

0

yyyxg

j

h

nxxrs

j jh

jja

yyxf

j

h

nxxrs

j jh

jja

rs

j
jny

j

h

nxx
j

                                                                               (5) 

Solving (5) for 
sai '  using Gaussian elimination method, gives a continuous hybrid linear multistep method of 

the form  
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      Differentiating (6) once yields 

 







































 



















 jn

j

jjn

j

jjn

j

jjn

j

jjn

j

j ffhffhy
h

xp

3

0

2

3
,

2

1

2
3

0

2

3
,

2

1

2

1
,0

1
' 

                                    (7) 

http://arpgweb.com/?ic=journal&journal=17


Academic Journal of Applied Mathematical Sciences 

 

19 

 

Equation (6) is evaluated at the non-interpolating points 
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 and (7) at all points
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, which produces the following general equations in block form 
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3. Analysis of Basic Properties of the Method 
3.1. Order of the Block 

The linear operator associated with the block 
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 is defined as, 
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Expanding (9) using Taylor series and comparing the coefficients in h gives 
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Definition 1: the block (8) associated with the linear operator is said to be of order 
p
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 is called the error constant and the local truncation error is 

given by 
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3.2. Zero Stability of Our Method 

Definition 2: A block (8) is said to be zero-stable if as 
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multiplicity must not exceed two. The block method for k=3, with two off-grid collocation point expressed in the 

form  
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Hence, our method is zero-stable. 

 

3.3. Regions of Absolute Stability (RAS) 
The stability polynomial for K=3 with two off-step points gives  
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The absolute stability region of our method is then given by figure below             

 
 

3.3. Numerical Example 
Problem I. We consider a highly stiff problem 
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Exact Solution: 
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1
exp  hxxy

 

 
Table-1. Comparison of the proposed method with Adeniran and Ogundare (2015) 

x-

values 

Exact Solution Computed Solution Error in our 

method 

Error in Adeniran 

& Ogundare (2015) 

0.100 0.90483741803595957316 0.90483741803595958558 1.24200E(-17) 2.05E(-11) 

0.200 0.81873075307798185867 0.81873075307798185409 4.58000E(-18) 4.39E(-11) 

0.300 0.74081822068171786607 0.74081822068171801968 1.53610E(-16) 6.55E(-11) 

0.400 0.67032004603563930074 0.67032004603563944601 1.45270E(-16) 8.38E(-11) 

0.500 0.60653065971263342360 0.60653065971263356194 1.38340E(-16) 9.86E(-11) 

0.600 0.54881163609402643263 0.54881163609402656540 1.32770E(-16) 1.10E(-10) 

0.700 0.49658530379140951470 0.49658530379140964328 1.28580E(-16) 1.19E(-10) 

0.800 0.44932896411722159143 0.44932896411722171709 1.25660E(-16) 1.24E(-10) 

0.900 0.40656965974059911188 0.40656965974059923585 1.23970E(-16) 1.28E(-10) 

1.00 0.36787944117144232160 0.36787944117144244514 1.23540E(-16) 1.30E(-10) 

 

Problem II. We consider the second order ODE 

      .100',10,100',,  yyyyyxf
 

Exact Solution: 
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Table-2. Comparison of the proposed method with Mohammad and Zurni [3] 

x-

values 

Exact Solution Computed Solution Error in our 

method 

Error in Mohammad 

and Zurni [3]  

0.01 0.90483741803595957316 0.90483741803595957318 2.0000E(-20) 0.0000000000 

0.02 0.81873075307798185867 0.81873075307798185869 2.0000E(-20) 2.431388E(-14) 

0.03 0.74081822068171786607 0.74081822068171786605 2.0000E(-20) 7.105427E(-14) 

0.04 0.67032004603563930074 0.67032004603563930074 0.000000000 1.384448E(-13) 

0.05 0.60653065971263342360 0.60653065971263342358 2.0000E(-20) 2.257083E(-13) 

0.06 0.54881163609402643263 0.54881163609402643258 5.0000E(-20) 3.316236E(-13) 

0.07 0.49658530379140951470 0.49658530379140951466 4.0000E(-20) 4.555800E(-13) 

0.08 0.44932896411722159143 0.44932896411722159138 5.0000E(-20) 5.974665E(-13) 

0.09 0.40656965974059911188 0.40656965974059911180 8.0000E(-20) 7.575052E(-13) 

0.10 0.36787944117144232160 0.36787944117144232150 1.0000E(-19) 8.361956E(-13) 

0.11 0.33287108369807955329 0.33287108369807955318 1.1000E(-19) 1.134096E(-19) 

0.12 0.30119421191220209664 0.30119421191220209651 1.3000E(-19) 1.352474E(-12) 

 

Problem III. 
      .10,10',10,'',,  xyyyyyxf

 

Exact Solution: 

 
10

1
1  hwithexy x

 

 
Table-3. Comparison of the proposed method with Raymond, et al. [1] 

x-

values 

Exact Solution Computed Solution Error in our 

method 

Error in Raymond, et 

al. [1] 

0.1 -0.1051709180756476248 -0.10517091807564762482 2.0000E(-20) 1.0000E(-20) 

0.2 -0.2214027581601698339 -0.22140275816016983392 2.0000E(-20) 2.0000E(-20) 

0.3 -0.3498588075760031040 -0.34985880757600310399 1.0000E(-20) 3.9000E(-19) 

0.4 -0.4918246976412703178 -0.49182469764127031785 5.0000E(-20) 1.1600E(-18) 

0.5 -0.6487212707001281468 -0.64872127070012814688 8.0000E(-20) 2.0700E(-18) 

0.6 -0.8221188003905089749 -0.82211880039050897492 2.0000E(-20) 3.3900E(-18) 

0.7 -1.0137527074704765216 -1.01375270747047652170 1.0000E(-19) 5.8000E(-18) 

0.8 -1.2255409284924676046 -1.22554092849246760470 1.0000E(-19) 8.3000E(-18) 

0.9 -1.4596031111569496638 -1.45960311115694966390 1.0000E(-19) 1.15000E(-17) 

1.0 -1.7182818284590452354 -1.71828182845904523550 1.0000E(-19) 1.60000E(-17) 

 

4. Conclusions 
It is shown from the tables of result that our proposed methods are indeed accurate, and can handle stiff 

equations. Comparing the new method with the existing method of Adeniran and Ogundare [5], Mohammad and 

Zurni [3] and Raymond, et al. [2],the result presented in the tables 1, 2 and 3 respectively shows that the new method 
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performs better than the existing method. Three steps with two offgrid points method is derive through collocation 

and interpolation technique, the developed method converges and is of Order twelve. 
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