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Abstract

This paper studies the problem of finite-time stabilization of a class of switched linear time-varying delay systems. An
event-triggered sampling mechanism and an event-triggered state feedback control are proposed. Based on Lyapunov-
like function method, linear matrix inequality technique and averaged dwell time method, sufficient conditions for
switched delay systems under event-triggered state feedback control are given to ensure the finite-time stabilization of
the switched delay systems. Finally, a numerical example is given to verify the validity of the proposed results.
Keywords: Switched delay system; Event-triggered mechanism; Finite-time stable; Average dwell time.

1. Introduction

Switched systems are widely used in the practical engineering and have important research significance. The
stability of the switched system is a fundamental problem in the theoretical study of the switching system [1-3]. Due
to the existence of external disturbance, time delay, and uncertainty in the actual physical system, it is worth paying
attention to study the control problem of switch system with delay. In Phat and Ratchagit [4], Stability and
stabilization of switched linear discrete-time systems with interval time-varying delay was studied by Wang, et al.
[5] analyzed the stability of switched delay systems with all subsystems unstable. We have noted that most of the
previous work on the stability of systems was on the Lyapunov stability in infinite time intervals. However the
behavior of some systems can only be defined within a limited time interval. In this case, it is necessary to study the
finite time stability of the system [6-8]. In Yang, et al. [8], Yang at al. considered finite-time boundedness and
stabilization of uncertain switched delayed neural networks of neutral type. In Xiang and Xiao [7], Xiang at al. dealt
with finite-time stability and stabilization for switched linear systems. In Wang, et al. [6], finite-time stability for
continuous-time switched systems in the presence of impulse effects was concerned.

In sampling control system, generally adopt time-triggered mechanism, that is, periodic sampling controller is
used to control the system. This traditional time-triggered mechanism is helpful to simplify the system performance
analysis, but its preset sampling period may cause a waste of system resources. Therefore, in order to reduce the
sampling update and network communication frequency of the controller, an event triggering strategy different from
time triggering is proposed [9, 10]. In [9], Tallapragada at al. investigated on event triggered tracking for nonlinear
systems. The work of Liu and Jiang [10] studied event-triggered control of nonlinear systems with state quantization.
So far, the event triggering mechanism has made some theoretical achievements in the study of the stability of
nonswitched systems. However, the problem of event triggering control for the switched delay system has yet to be
solved. Therefore, in this study, we focus on finite-time stabilization for a class of switched systems with time-
varying delay. The main contributions of this paper lie in: (i) Develop event-triggered mechanism and design a
controller. (ii) Sufficient conditions for unforced switched system with time-varying delay are presented. (iii) The
criterion of finite-time stabilization for switched systems under the event-triggered control is given.

The paper is organized as follows. In Section 2, a description of switched systems, important definitions, event-
triggered condition and some necessary lemmas are given. Section 3 analyzes the finite-time stabilization of the
switched system with time-varying delay. A numerical example is shown in Section 4 to illustrate the results.
Section 5 gives the conclusion of this paper.

Notation. U represents the set of nonnegative integers. R"and R™™ represent the n dimensional Euclidean space

X>0(X =0).

and the set of all "M real matrices respectively. is a real symmetric positive definite matrix (positive

semi-definite matrix). A (A) and Ama (A) denote the minimum and maximum eigenvalues of matrix A, respectively.
* represents the symmetric blocks in a matrix.
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2. Preliminaries and System Specification
Consider a class of linear switched systems with time-varying delay:

X() = A, oX(t) + Ay, Xt —7(1)) + B, ,yu(t),

x(t)=¢(t) te[-h,0], 1)
where Xt eR denotes the state vector, u()eR is the control input, 40 is a continuous initial function on
[-h,0] z(t)

represents the time-varying delay and satisfies
0<z(t)<h, 0<#({t)<h<L.

where h and N are positive constants. The switching signal is define as o():[0,0) >M ={12,--, N}which is
a piecewise and right continuous constant function. N represents the number of subsystems. The corresponding
switching sequence is

2 ={X,;(ip,t,), -, (i, 8. ), i, e M, k=01,--}.

When ! € [t te)s bt subsystem is activated. A+AirBigre known constant matrices with appropriate
dimensions. B; has full column rank.
In order to get the main results, we give the following definitions and lemmas.

Lemma 1. [11]. For a given matrix B € R™"with rank (B) = p, assume that X € R™™" is a symmetric matrix,
then there exists a matrix X € R”*? such that BX = XB | if and only if

X :VI:Xll . :|VT,
X2 @)

)211 c Rpxpan )222 e R(M=p)x(m-p)

where d
nxn T .
Lemma 2. (Jensen’s Inequality) For any matrixM €R™M =M">0, gcajars@angb:@<b, yector
x:[a,b] >R such that the integration concerned are well defined, then:

(I:x(s)ds)T M (I:X(S)ds)S(b—a)I:xT(s)Mx(s)ds,

Lemma 3. Liu, et al. [11]. For any real vectors u,v and a symmetric positive matrixQWith compatible
dimension, the following inequality holds:

u'v+viu<u™Qu+vi Qv 3

S, S
S — 11 12 j < O,
(SL Sz
.
22'the followings are equivalent:
D S11 <0, Szz - S1Tzs‘1711812 <0;
) S,,<0,5,,-5,,5,,5,, <O0.

Definition 1. (Average dwell time [13]). For any switching signal o(t) and

Lemma 4. For the given matrix

where Su= SlTl- Sy =35

&> 201 N (6.8 gicate the

switching number of o(t) over (t.t,) f
No‘(tl’tZ)SN0+(t2_t1)/Ta’ (4)

N, 20,7, 20

holds for constants 'then the positive constant “ais called an average dwell time and NOis the

chattering bound. Without loss of generality, we choose No =0.

Definition 2. Lin, et al. [12]. Given three positive constants €1, G T with €2 > € g positive definite matrix R

and a switching signal o(t). The switched linear system (1) with u®)=0 is said to be finite-time stable with respect
to (C]_ycz 1T1R|0)| If
sup {x" (O)Rx(0)}<c, = X" (t)Rx(t)<c,,vte[0,T].
—h<0<0 (5)
Definition 3. Lin, et al. [12]. Given three positive constants €1 G, T with € ~ € and a positive definite matrix

u)=0

R. The switched system (1) with is said to be uniformly finite-time stable with respect to (Cl’C2 ’T’R)’ if

condition (5) holds for any switching signal o(t).
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In this section, we aim to develop an event-triggered mechanism and construct a controller which can guarantee
the finite-time stabilization of system (1).
First, we develop the triggering condition based on the system state as follows:

le®|” = Ax),

where e(t) = X(t,) — x(t),is the error signal of the latest sampling state and the current state of the system.

O<p <1i5 a given positive threshold.
Because of the event triggering mechanism is used in the switched system, the system state X(t) is first
transmitted to the event triggering mechanism, through the designed triggering mechanism, we can obtain that the

state X(t) of the sampling system at the triggering time {ts }k=0 is X(t,)- Furthermore, the control signal is updated by
calculation, and the discrete signal is converted into continuous signal by the zero order holder, which is
implemented in the subsystem by the actuator. Assumed that there is no transmission delay in the feedback channel,
that is, the triggering sampling, controller signal updating and control signal application are synchronous. When an
event happens, the controller updates the latest state and switching information and holds the information until the

next event happens. We have the following event-trigger instant sequence: {ts }k=0’ with t <L, the next sampling
instant L can be determined by
— . = 2 2
t,,, =inf{t >, | |e®)||" = ox(®)]}- ©)
LettO =t0’Without loss of generality, we assume that there is no Zeno behavior in this paper. Then

vtelt b, the state feedback controller is set to

u(t)= Ko'(l)x(t_S)’ @

K. . . . N
where °®is the controller gain. On the continuous sampling interval, the controller only updates the
information of sampling time. Therefore, applying the state feedback controller (7) to the linear switched system (1),
the closed-loop system can be obtained as follows:

X(0) = (A + By Ko )X + Ay X (t—7(t)) + B,y K, ,e(t) ®

3. Main Results

Consider an unforced switched system with time-varying delay
X(t) = AX(t) + Ayx(t— (1) ©

In this subsection, we will give some sufficient conditions for finite-time stability of systems (9).
Let

_ L 1 IR B
P=R2PR 2%, Q=R2QR?, R =RZ2RR?2,
ﬂ1=ﬂ’min(|3i)' /12=ﬂ“max(|3i)' /13=ﬂ’max(§i)' l4=2’max((§i)' (10)
Theorem 1. For given a matrix R>0, and positive scalars G <Cp0 T, if there exist positive definite symmetric
matrices I:)i’Ri’Qi’with appropriate dimensions for each 1eM, and positive scalars %’ Ay Ay Ay Ay 21, such
that
RA+A'R+R+Q-aP PA, 0O 0 0
* ~@1-hQ, o 0 0
* * -R 0 0
3 = . . . R 0 <0,
h
* * * * —ZQ
. h (11)
PiS,tu,RiS,uRj,QiSij,VI,jeM, 12)
¢ (4 +hi +hi,)<Ace ™, 13)
then, the system (9) is finite-time stable with respect to(cl’c2 ’T’R’G) for any switching signal o(t) with

average dwell time ta satisfying
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“ Tinu
T,>T7, = .
% In(Ag,) —In(c (4, +hA, +hA,)) —aT (14)

Proof: Construct Lyapunov like function as follows:
Vi) =x" OPx®)+ [ ih X (S)RX(s)ds + [ ;(t) X" (s)Q,x(s)ds.
Taking the time derivative of (15) along solutions of system (9) gives
Vi (t)-aV, (t) =x" ()(RA +ATR)x(t)+ X" () RAX(t -7 (1) + X" (t—7(t)) ARX(t)
X' (t )R x( )— X' (t—h)R x(t—h)+x" (1)Q, x( t)—(1-h)x" (t-7(1))Qx(t—7(t))
—ax' aJ. X" (s)Rx(s)ds — a'[t X (s)Qx(s)ds.

Inequality, one has

(15)

By Jensen’s

_a_[:, xT(s)Rix(s)dss—%(J'lt x(s)ds)T R, (J'It x(s)ds),
—af' X (s)Qx(s)o|s<——(jt L X()ds ) (f_r(t)x(s)ds).

t—z(t)
So, we have
Vi(t) - Vi (1) < X" (O(RA + ATR)X() + X ()R AX(t - 7(t))
+X (t=7(0) ARPX(E) + X (R x(t)
—X" (t—h)Rx(t —h) + X" (O)Qx(t) - L —h)x" (t - 7(E))QX(t - 7(t))

—ax” ()Px(t) - %f,h X (s)dsR, | x(s)ds - % Lm X" (s)dsQ Lm x(s)ds

=x"()(RA +A'R +R +Q —aP)x(t) + X" ()R A;x(t — (1))
+X (t—7(t))ALPX(t)—x" (t —h)Rx(t—h)

A e )A-MEXE-rO) - T X Q[ x(s)ds
—% L X" (s)dsR, j{ih x(s)ds
=S OZEW), (16)

where

EO =I¥ O.X =) X ¢=h),[ X )ds. [ K ()sT,

PA+AR+R+Q-aR RA, 0 0 0
* ~1-hQ, 0 0 0
* * R0 0
%= * * * %R 0
R
(04
) T T e

From (11), we can obta;in
Vi(t) —aV, (1) < 0.

o'('[k):i,o'(tki):

According to (12), (13) and (15), assume that J> we have

Vilt) <avi(t), an
For anyt E(O’T)'Iet N indicate the switching number ofa(t) over (O’T)'By iterative computation, we can
further obtain
V(t) <e““WV (L)
< "NV (L)
<een

< uMeV (0).

N<T/r

Recalling that 2’5o we have

b
V(t) < ,u’ae‘”v (0).
On the other hand,

(18)
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V() > Ay (PIXT (RX(H) = X" (HRX(E), 19)
V(©0) =X (Q)Px(0)+ ° X" ()R x(s)ds + ji(o X" ()Q,x(s)ds
< 2o PIXT (ORX(0) + A, (R)) sup X" (O)RX(0)}+ 4, (Q) sup X (O)Rx(6)}
S (lz . hﬂg + hﬂq)(:l’ —-h<6<0 —h<6<0 (20)

where %142 451 A4: satisfied (10). Combine (18), (19) with (20), we can get

X (O)Rx () < L0

T

ZaT
_H7EV(0)

A

< 16 (4, +hA, +hi,)c,

A (21)

1£4 =1 according (13)
X (O)Rx(t) < L
. e’ (4, +h, +hi,)c,
A

<G (22)

If# >1 according (14)
T - In(A.c,) —In((1, + hA, +hA,)c,) —aT

T, In (23)
Substituting (23) into (21) yields
XT (t)RX(t) < (12 + hﬂ'B + hﬂ’4)cl eaT ﬂic —aT — C2
A (4, +hﬂ,3+hlc) (24)

According to Definition 2, the switched delay system (9) is finite-time stable with respect to (€., TR, 0).

The proof is completed here.

T

Theorem 2. For given a matrix R>0, and positive scalars €=y, " the system (8) is finite-time stable with

respect to (Cl’cz ’T’R’G)for any switching signal o(t) with average dwell time fa satisfying (14), if there exist
positive definite symmetric matricesPi’Ri’Qi'with appropriate dimensions for each! €M, and positive scalars
A Ay Aoy Ay 21, such that (12), (13) and the following inequality hold:
r PA, 0 0 0 B)Y,
* _(1-hQ 0 0 0 0
* * -R 0 0 0
L= = * * —gR 0 0 |<0,
h 1
* * * * _%Qi 0
* * * * * —1
- - (25)

where
I'=PA+AR+R+Q —aP +BY, +YB +pl

P, .
P =Vi{ R }Vi, RB =BR.
I:)22i
_p?t i

Furthermore, the controller gains are given by Ki=R™Y, VvieM.

Proof: Consider Lyapunov like function (15). Taking the time derivative of (15) along solutions of system (8)
gives

Vi(t) -V, () <& O, E0) + X (1)(RBK, +KBIRT)x(t) + X" ()RB K;e(t) +e" (K B/ Px(t),

(26)
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where i is give by (11).
According event-triggered condition (6), and Lemma 3, we can get

Vi) - aV,(t) <& O + X (1)(RBK, +KTBIRT + RBKK/BR + pl )x(t)

=& (O &), @
where
5 RA, 00 0 |
0 —(1-h)Q © 0 0
_]o 0 R0 0
s = :
0 0 o -2rR 0
h
0 0 o o -Zq
h (29)

SH=PA+ATR+R +Q -aP +PBK +KB'P+RBKKIBP +pl,

LotV = PK RB =BR. and (25), we get

¥, <0.
Other proofs are similar to those of Theorem 1, which is omitted here.

i* Using Lemma 4,

4. Numerical Example
In this section, a numerical example is given to illustrate the effectiveness of proposed Theorem.
Consider system (1) with two subsystems, and system matrix parameters are

-0.02 0.03 0.05 0.06 001 O
A= Ay = B = ’
—-0.04 0.02 -0.02 -0.04 0 0.04

A _{—0.04 0.02} A _{ 0.02 0.05 } 5 _[0.02 0 }
| -02 003|"" |-004 003" | 0 003
The values of other parameters are given as follows:
¢, =0.1,¢,=30T=10,R=1,0=05h=05hn=02,p=0.1 =1.02,7(t) =[0.1sint|

Solving inequalities (12), (13) and (25), we obtain the following controller gains:

K —|—420815 27827 |, _|-188503  6.7602
t7] 0.6618  —11.5558 | 27| 4.6727 -18.7314 |

r, >7, =1.9011.

Then, according to condition (14), We chose ‘a = 2. According Theorem 2, the system (8) is

finite-time stable with respect to (€., TR, 0). The switching signals of controlled system is shown in Fig. 1. Fig.
2. depicts triggered instants. The system state is shown in Fig. 3.

Fig-1. Switching signals
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Fig-2. Event-triggered instants
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Fig-3. System state responses
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5. Conclusion

In this paper, we propose an event-triggered sampling mechanism and a state feedback control for switched

linear time-varying delay systems. Different from time-triggered control systems, event-triggered control systems
will not be updated until some error signal exceeds a well-set threshold. Sufficient conditions have been formed to
guarantee the finite-time stabilization of the switched delay systems. Finally, a numerical example has been given to
verify the effectiveness of proposed Theorem.
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