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Abstract 
In this paper, we developed a mathematical model for blood flow in the human circulatory system. This model presumes 
blood to be a couple stress fluid, its flow to be pulsatile, and the artery an elastic circular pipe whose radius is assumed to 

vary with transmural pressure. The governing differential equation for the flow velocity is time-dependent and has been 

solved using the homotopy perturbation method. This velocity has been used to estimate the elastic modulus E of the 

artery, which is a measure of its stiffness and an important metric used by clinical practitioners to understand the state of 

the cardiovascular system. In this work, the radial artery has been considered and a limited set of experimental data, 

available for four cases, has been taken from the published literature to validate the model. While the experimental values 

of elastic modulus reported in literature lie in the range 2.68 1.81 MPa.s, those estimated through the proposed model 

range from 3.05 to 5.98 MPa.s, appearing to be in close agreement. 

Keywords: Couple stress fluid; Elastic tube; Pulsatile flow; Circulatory system; Transmural pressure; Homotopy perturbation 
method. 

 

 

1. Introduction 
The flow of a non-Newtonian fluid through an elastic pipe is a problem of interest in many sciences and 

engineering applications, particularly in biomedical engineering and more precisely in the study of the human 
circulatory system. It is well known that the important components of the human circulatory system are the heart that 

generates a pressure gradient required to drive blood to all parts of the body, and the arteries which carry blood to 

various organs. The main features of this system are as follows:  

(i) Pulsatile pumping of the heart provides an arterial pressure that, under normal conditions, varies between 

120 mmHg (systolic pressure) and 80 mmHg (diastolic pressure).  

(ii) Arteries are elastic vessels with a complex geometry of curved pipes that includes tapering and branching.  

(iii) Blood is a suspension containing red blood cells, white cells and platelets.   

Several mathematical models have been proposed from time to time [1-9] to study the blood flow through 

arteries considering some (but not all) of the above features, such as the flow to be pulsatile, arteries to be elastic or 

blood to be a non-Newtonian fluid. While several physical parameters related to arteries, such as distensibility and 

compliance, could be determined, recent studies [10-13] have identified another important physical parameter known 
as ‘arterial stiffness’. This parameter, related to the elastic (or elasticity) modulus of the artery (denoted by E), is an 

important indicator of vascular changes that may eventually result in a major cardiovascular disease [14-17].  

From basic principles of wave propagation in an elastic medium, it is known that the longitudinal wave velocity 

v  in a fluid is related to the bulk elastic modulus K and density of the fluid ρ as: 

K
v




 . It is clear that a higher 

value of K implies a higher velocity. This is because a higher value of the elasticity modulus implies a medium that 

is less elastic and stiffer, thus offering less resistance to the flow of the fluid and leading to its higher velocity. 

Applying this principle to the flow of blood through a human artery (treated as an elastic medium), it may easily be 

seen that the pulse wave velocity (PWV), arising out of the pulsatile nature of the flow, is a good measure of the 
arterial stiffness [18]. Since PWV is interrelated to the pulse transit time (PTT), it is possible to derive PWV by 

measuring PTT experimentally [19]. It may be mentioned that PTT is the time taken for the pressure pulse to flow 

from the point of origin to the periphery of the artery (in the longitudinal sense).  Mathematical models have been 

proposed over the years to estimate the arterial stiffness by relating PWV to the elastic modulus of the artery [20-22]. 

However, very few of them relate the blood flow velocity (taken to be pulsatile) to the elastic modulus of the artery. 
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However, as mentioned earlier, these models assumed only one or at most two of the features mentioned above at a 

time to describe the blood flow in the human circulatory system. It may be noted that blood flow velocity is the rate 

at which blood moves through a particular artery, whereas PWV is the velocity at which the pressure pulse 
propagates through the same artery.  

Thus in the current work, we introduce a new method to estimate E using the blood flow velocity while also 

including almost all main features of the human circulatory system. That is blood flow under a pulsatile pressure 

gradient, the non-Newtonian nature of the blood, and the elastic nature of the artery. We assume the tube to be non-

curved, which is indeed a realistic assumption in modelling blood flow through a single non-branching artery (such 

as the radial artery, which is a major artery present in the human forearm) that has been taken up in our present 

study. We have chosen to work on this artery since the data necessary for the verification of our proposed 

mathematical model are available for this artery in the literature.  

An outline of the proposed model is as follows. The elastic nature of the artery is as given in equation (12), 

where the radius of the artery at a given point is taken to be a linear function of the transmural pressure at that point.  

Blood flow is considered to be driven by a pulsatile pressure gradient, as described in equation (11). Blood itself is 
modelled as a non-Newtonian fluid described by the couple stress fluid model.  This couple stress fluid model which 

was shown to be the simplest generalisation of the classical fluid theory describes an important physical concept in 

fluids called couple stresses that the classical fluid theory ignores [23-25].  

 
Figure-1. An illustration of (a) the stress and (b) the couple stress distribution in the cylindrical geometry 

 
 

In Figure 1, we depict the stress and couple stress components acting on an elemental volume of the fluid in the 

cylindrical polar coordinate system, where θ is measured in the plane perpendicular to the z-axis. In Figure 1(a), 

, , , , ,rz zr z z r r        
 denote the tangential stress components and 

, ,r z  
denote the normal stress 

components of the stress tensor. In Figure 1(b), rzm
 denotes the z- component of the couple stress vector on the 

plane constantr   (indicated by the curl), and zrm
is the r-component of the couple stress vector on the plane

constantz  (indicated again by the curl). Similar interpretations can be given for the other couple stress 
components. We shall see later (section 2) that out of these 18 (9 stress + 9 couple stress) components, the present 

formulation results in only four nonzero components (two stress components: rz
 and zr

, and two couple stress 

components: rzm
 and zrm

). 
This couple stress model contains two parameters, known respectively as the couple stress viscosity, indicated 

by


, material parameter  , and the momentum, denoted by 1  [24, 25]. This model, when fitted to the 

experimental data available in the literature [23, 26-28] and shown in Table 1, will help in determining the values of 

these parameters.   
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Table-1. Experimental data relevant to the model for four cases [23] 

 

 

 

 

 

 

 

 
 

After determining the values of these parameters, the flow variables present in the model have been evaluated, 

and an estimate for the elastic modulus of the radial artery has been arrived at using the methodology described in 

Section 4.  

We have observed that under similar conditions, the values for E obtained using the present model agreed with 

those of the ‘Constant Viscosity’ model [21].  The next step of our research would be to use the present model under 

different physical conditions (namely curved artery, branching arteries, etc.), in which case this method is expected 
to be more appropriate than the Constant Viscosity model because it incorporates more realistic physical features. 

 

2. Mathematical Formulation of the Problem 
Let us consider an unsteady (time-dependent) flow of a fluid (blood in our case) in an elastic circular tube 

mimicking the radial artery (Figure 2), and whose radius is assumed to vary linearly with the transmural pressure 

(pressure difference across the arterial wall, Figure 3) along the tube. We consider the cylindrical polar coordinate 

system 
 zr ,,

 (where r and z are the radial and axial coordinates, respectively, and   is the azimuthal angle) to 

describe the geometry of the problem and assume the fluid flow to be in the z-direction as shown in Figure 2.  

 
Figure 2.  A schematic of fluid flow in an elastic tube [21] 

 
 

Figure-3. Illustration of transmural pressure across the arterial wall [26] 

 
 

(p is the thermodynamic pressure (acting along the longitudinal direction), ptr is the transmural pressure (across 

the wall, i.e. perpendicular to the wall), d is the diameter of the tube and h is the wall thickness. Arrows indicate the 

direction in which these pressures are to be considered. ) 

The fluid is considered to be incompressible, and the tube is taken to be of infinite length. We also assume that 

the flow is axisymmetric so that the components of the velocity (
q

) and the thermodynamic pressure, denoted by p, 

Parameter Case 1 Case 2 Case 3 Case 4 

Age (years) 27  28 25  48  

Height (cm) 174 173 175 152.4 

PTT (ms) 244 275 205 205 

PWV (m/s) 4.28 3.77 5.12 4.46 

BP (Blood Pressure) (sys/dias) mmHg 115/67 108/82 125/82 140/90 

Heart Rate/min 57 96 73 90 
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are functions only of r, z and time t. Also, the velocity vector 
      , , , , ,0, , ,q r z t u r z t w r z t

(where 

 , ,u r z t
 (or qr),

 , ,w r z t
(or qz) are scalar functions) and the thermodynamic pressure p is a function 

 tzrp ,,
.  

The equations of motion governing the couple stress fluid flow are [23-25]: 

( ) 0div q
t





 

 ,                   (1) 

     ( )1 1
  ( )

2 2

sdq
p f curl c div curl div m

dt
        

,                           (2) 

where 
f


is the body force per unit mass and c is body moment per unit mass. 

In this work, we assume that body forces and body couple are absent, and thus the vectors 
f

 and c are 
identically zero. This can be justified by the fact that body forces and body couple arise due to external forces, such 

as gravitational force or centrifugal force, which even if present, are assumed to have a negligible effect on the blood 

flow through the arteries. 

Further, for incompressible flows (for which


is independent of time), equation (1) reduces to  

( ) 0.div q 
                  (3) 

Thus, with the assumptions mentioned above, equation (2) takes the form: 

2 4

1 .
dq

p q q
dt

       
                (4) 

Further, since 
      , , , , , 0, , ,q r z t u r z t w r z t

, the equation of continuity (3) further reduces to 

0
u u w

r r z

 
  

  .                   (5) 

Also, under the assumption that the radial component of the flow velocity and the convective acceleration terms 

are respectively of a smaller order of magnitude with respect to the axial flow velocity and the local acceleration 

terms, the momentum equation given in (7) reduces to   

r-direction : 
0,

p

r


 
                  (6) 

z-direction :

 

2 4 3 2

12 4 3 2 2 3

1 2 1 1
,

w w w p w w w w w w
u w

t r z z r r r rr r r r r r
  

             
             

               
                   (7) 

where 


 is the couple stress viscosity in Pa.s, 1  is the momentum in kg.m.s-1, and p is the fluid (blood) 
pressure whose gradient, in view of the pulsatile nature of the flow is assumed to take the form Burton [29] 

0 1 cos , 0,
p

a a t t
z




   
                (8) 

where 0a
 and 1a

are respectively the constant amplitude and amplitude of the pulsatile component of the 

pressure gradient (Pa. m-1), and 
2 ,f 

 f is the number of heartbeats per minute. 

Further, the tube (artery) is assumed to be elastic, with its radius
 R z

 varying linearly with the local 

transmural pressure 
 trp z

 according to 

    0 1 ,trR z R p z 
                (9) 

where  is a flexibility coefficient, and 0R
 is the radius of the tube when 

 trp z
is zero [20].  It may be noted 

that, while in reality, the radius of the artery is a function of both z and t, it has been modelled as a constant, since 

calculations in our model are restricted to one cardiac cycle. 
Boundary conditions:  For the present problem, we assume a no-slip boundary condition, meaning the flow 

velocity is zero on the periphery of the artery (in the radial sense). From the theory proposed by  Aero, et al. [30], the 

couple stresses on the boundary are proportional to the difference between the micro-rotation of the fluid particles 

and the angular velocity of the fluid flow at the boundary. The proportionality constant of this relationship is termed 

as the friction factor, which represents the fluid wall friction and is considered to be zero in the current context. Also, 

we assume that the velocity is finite at the centre of the tube. 

Thus, the mathematical representation of the boundary conditions can be given as, 
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(i) 0, 0u w  on 
 r R z

 (no-slip boundary condition),                     (10) 

(ii) 

2

2
0

w w

r rr

 
 

  on 
 r R z

 (couple stresses vanish on the wall), with 1

1









,                  (11) 

(iii) 

2

2

w w

r rr

 


  is finite at 0r  ,                        (12) 

(iv) 
0

w

r




  at 0r   (velocity is finite at the centre of the tube).                   (13) 

Since equation (10) is a time-dependent partial differential equation (time-dependent PDE), it is required to have 

an initial condition.  One form of the condition (solution) would be to take the radial velocity component to be zero, 

i.e., 
 , , 0u r z t 

and derive an expression for the axial velocity component, i.e.
 , ,w r z t

satisfying equations (5) 
and (7) together with the boundary conditions given in (10)-(13).  

In view of our assumption that the radial component of the velocity is zero, equation (8) reduces to 

0.
w

z




                    (14) 

Thus 
 , ,w r z t

 is independent of .z  The steady-state problem can now be re-written as 

   4 2

1 1

1
,0 ,0 ,

p
w r w r

z



 

 
     

                   (15) 

where 

2
2

2

1

r rr

 
  

 ,                  (16) 
which is solved using the method of undetermined coefficients presented in Appendix A. The solution is 

presented below as: 

   
0 0 0

2
1 12

02

0 00

0 0 0 0

1 1 0 1 1

1 1
, 0 1 1

4 2t t

I r I R
p pr

w r R
z zR

I R I R
R

 

 


     

   

 

   
               

       
         

       
    ,             (17) 

where 
 0I r

 is the modified Bessel function of the first kind and order zero, and 
 0I r

 and 
 0I r

 are its first 

and second-order derivatives respectively (with respect to r) [31]. 

Finally, equations (5) and (7) are solved together with the conditions given in (10)-(13) and (17) using the 

homotopy perturbation method [32, 33].  

 

3. Solution to the Problem 
The system of partial differential equations (5) and (7) together with the initial and boundary conditions given in 

(10)-(13) is solved using the homotopy perturbation method (HPM), an elegant method to solve non-linear equations 

[32, 33]. According to this method, we assume the solutions of the system to be of the form:   

       

       

2
0 1 2

2
0 1 2

, , , , , , , , ...,

, , , , , , , , ...

u r z t u r z t pu r z t p u r z t

w r z t w r z t pw r z t p w r z t

   

   
              (18) 

Here, the initial approximations are taken as 
 0 , , 0u r z t 

,
   0 , , , 0w r z t w r

, given in expression 

(17). The subsequent approximations for 
 , ,u r z t

and 
 , ,w r z t

are found by defining homotopy functions as,  

    0
1 1

uu u u w
H p p p

r r r r z

     
        

       , for equation (5)             (19) 
and that for equation (7) is defined as 

   

2

244
0

2 4 4 4 4 4 3 2

1 4 3 2 2 3

1

1 1
1 .

2 1 1

pw w w w w
u w

t r z z r r rww
H p p p

r r r r w w w w

r rr r r r r

 



       
       

           
                                    (20) 

Comparing the coefficient of p, we get the equations governing 
 1 , ,u r z t

 and 
 1 , ,w r z t

as 
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0 01 ,
w uu

r z r

  
   

                                                                    (21) 

0 0 0
0 0

4
41

4 2 2 4 3 2
0 0 0 0 0 0 0

12 2 2 4 3 2 2 3

.
1 1 2 1 1

w w wp
u w

z t r zw
r

r w w w w w w w

r r r rr r z r r r r r



 

     
     

      
             

                                       (22) 
                                                                                                                         

And the conditions are 1 0u 
on 

 r R z
, 1 0w 

on 
 r R z

, 

2

1 1

2
0

w w

r rr

 
 

  on 
  ,r R z

 

2

1 1

2

w w

r rr

 


  

is finite at 0r  , 

1 0
w

r




  at 0r                                                (23) 
Solving these equations, we get expressions for the first approximation of the velocity components. Similarly, 

the coefficient of 

2p
and higher powers have been collected to find the next approximations.  

 

4. Methodology 
 Calculate the volumetric flow rate Q given by  

 
 

0

2 , ,

R z

Q l rw r z t dr 
, l is the length of the artery. 

 Estimate CO as given by  

0

T

CO Qdt 
, where T is the pulse transit time, and CO represents the volume of the blood flowing in the radial 

artery.  

 Determine the flexibility coefficient α (see expression (9)) by equating CO estimated above (which is a 

polynomial in α obtained by approximating the Bessel functions in expression (17) as polynomials in x 

[31]) to the cardiac output (2.6% of cardiac output (for a given case; the average value of 5.5lt/min is 

considered) for a radial artery [26]. The method for computation of α is mentioned in detail in Section 5.1. 

 

 It may be pertinent to mention here that the cardiac output is the total volume of blood pumped by the heart 

per unit time. 

 

 Calculate the average value (over one cardiac cycle) of 
 R z

, denoted by avgR
, by substituting the value 

of α and transmural pressure from Table 2  in expression (12) for all the four cases.                                         

 Estimate the average value (over one cardiac cycle) of the stretch ratio of the 

radial artery, denoted by avg
  and defined as 

0

,
avg

avg

R

r
 

 

         where 0r  is the nominal radius of the artery as mentioned earlier. 
 Find the circumferential stress by the formula [20]: 

            
,

    
circum

functional mean pressure average radius of the artery
T

wall thickness of the artery




 
where the functional mean pressure is the mean pressure of the fluid in the artery. 

Finally, estimate the average value (over one cardiac cycle) of the elastic modulus E of the artery using the 

formula [20]: 

 1 .circum avgT E  
 

 

5. Results and Discussion 
In order to verify the validity of the proposed model, data related to four cases have been taken from the 

published literature [23], as shown in Table 1. Also, properties of blood and the dimensions of the radial artery have 

been extracted from the literature [20, 22, 26, 27] as shown in Table 2.  The methodology introduced above has been 

applied to this data to obtain parameters of interest, as illustrated in Table 3. 

 

 

http://arpgweb.com/?ic=journal&journal=17


Academic Journal of Applied Mathematical Sciences 

 

132 

 

 

 
Table-2.  Physical properties of blood and the radial artery 

Density of blood ρ (kg/m
3
) 1050 [20, 22] 

Nominal Radius of radial artery r0 (mm) 1.6 [27] 

Wall thickness of radial artery h (mm) 0.28  [27] 

Nominal  transmural pressure ptr(z) (kPas) 11   [26]  

Viscosity of blood µ (Pas) 0.004   [20, 22] 

Stroke volume (ml/ beat)  60-130   [26] 

 
Table-3. Fluid parameters and the arterial stiffness estimated using the proposed model 

 

 

 

 

 

 

 

 

 

 

 

 

The constant and pulsatile components of the pressure gradient given in Table 3 ( 0a
 and 1 ,a

respectively) have 
been estimated (using data from Table 1) for each case using the systolic (sys) and diastolic (Dias) components of 

their respective blood pressures (BP) as in [31]:  

0

1 2
/ ,

3 3
a sys dias l

 
  
   

 1 / ,a sys dias l 
  where l is the approximate length of the radial artery, estimated 

using the formula 
0.6 height of the individuall  

[34]. 

 

5.1. Computation of the Various Parameters in the Model to Estimate E 
The methodology described earlier in Section 4 has been used to estimate the arterial stiffness parameter E for 

each of the cases mentioned in Table 1. We used approximate analytical methods (homotopy perturbation method in 

the present case) and numerical methods for computing the required flow variables and parameters in the model. We 

see from the expression (17) for the velocity of blood flow that it involves Bessel functions as well as its derivatives.  

We have used ascending series approximations (of degree 14) to these functions and thereby computed the velocity

 , ,w r z t
 [31].  Subsequently, the volumetric flow rate Q and CO, which are now polynomial functions in terms of 

the parameter α, are determined. 

The value of the parameter α is found by solving the polynomial equation for CO using MATHEMATICA 
software [35]. Since this equation may result in multiple real solutions, an appropriate value for α has been chosen 

such that the values of the average radius Ravg predicted for each case do not deviate much from the experimental 

values reported in the literature [27, 28]. In doing so, the values of the couple stress fluid parameters


 , σ and 1  

have also been fixed (Table 3). This is not straight forward, however, since the values assigned to these parameters 

need to satisfy the inequalities mentioned in (3) and also lead to realistic values of the radius of the artery that are 

consistent with the published data. Subsequently, the average stretch ratio ( avg
) and the circumferential stress (

CircumT
) have been calculated before finally estimating the average elastic modulus E for each of the four cases. 

 
Table-4. A comparison of values for E predicted by various Models 

 Inviscid model [21] Constant Viscosity model [21] Present (couple stress) Model 

Case 1 219.8 kPa.s 3.44 MPa.s 3.93MPa.s 

Case 2 170.5 kPa.s 2.67 MPa.s 3.84MPa.s 

Case 3 314.57 kPa.s 4.93 MPa.s 3.05MPa.s 

Case 4 238.69 kPa.s 3.74 MPa.s 5.98MPa.s 

 

Table 4 provides a comparison of values for the elastic modulus E predicted by various models for each of the 

cases. The inviscid model mentioned in the Table assumes the blood to be a Newtonian fluid with zero viscosity 

while the constant viscosity model, as the name implies, considers the blood to be of constant viscosity while still 

being a Newtonian fluid.  However, as we mentioned earlier, the couple stress model in the present work assumes 

blood to be non-Newtonian described by the parameters µ, σ and 1 . 

Parameter Case 1 Case 2 Case 3 Case 4 

a0 (Pa. m-1) 10597.6 11643.4 12841.2 15549.7 

a1 (Pa. m-1) 6128.74 3338.92 5731.9 7288.93 

Flexibility coefficient α (Pa-1)  2.13×10-6 1.63×10-6 2.18×10-6 1.23×10-6 

Average radius of the artery Ravg (mm) 1.625 1.629 1.638 1.622 

1 / 
 

5.82×10-6 5.97×10-6 5.53×10-6 5.47×10-6 

 σ 0.6 0.5 0.95 0.7 

Circumferential stress Tcircum  (kPa) 63.22 69.062 73.39 81.25 

E (MPas) 3.93 3.84 3.05 5.98 
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The experimental values for the elastic modulus E of the radial artery in humans have been reported to be of the 

order, 2.68±1.81 MPa.s [23].  This range of values appears to be more in agreement with those predicted by the 

constant viscosity model and the proposed couple stress model than by the inviscid model. While the constant 
viscosity model appears to predict a value similar to that by the couple stress model, we wish to mention that the 

artery under consideration for both models is the radial artery, with the assumption that it is straight.  Thus, it is not 

surprising that both models predict the values of a similar order.  It should, however, be mentioned that in case the 

arteries are curved and have to branch, the non-Newtonian nature of the fluid is expected to be predominant [36], 

and thus, the couple stress fluid might provide better estimates of E than the constant viscosity model.  This aspect, 

however, needs further investigation. 

 

6. Conclusion 
In the present study, we proposed a model to estimate the elastic modulus E of the radial artery, assuming blood 

to be a non-Newtonian fluid, the artery to be a non-curved elastic tube, and the flow to be pulsatile. A small set of 

experimental data related to the radial artery for four individual cases has been used to estimate E using the model 

developed. Results indicate that these estimates of E are in broad agreement with the experimentally measured 

values reported in the literature.  It should, however, be mentioned that the sample size used in the present work is 
very small, and some of the data on the arteries has been taken from the literature. Thus, more experimental data for 

a large number of cases is required before we can fully validate the model. 
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Appendix A 
Consider equation (19) given by  
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It can be written as 

 2 2

01 1

1
,0 .

t

p
w r

z



  

   
      

          A.2 

Let 

 2

1

,0V w r




 
   
   .        A.3 

Then, A.2 becomes 
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This equation can be re-written as: 
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 which is a Cauchy-Euler equation of order 2.  A.6 

Thus, the complementary function is 
  1 2 ln .cV r c c r 

     A.7 

Assume the particular integral to be 
  2

pV r Ar Br D  
     A.8 

 

Substituting the expression in A.8 in A.6 and comparing the coefficients of different powers of   r , we get 
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Thus, the general solution of equation (A.6) is 
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(the constant D in A.8 is absorbed in 1c
) .       

 

In view of the boundary conditions (iii) and (iv) in (13), 2 0c 
. 

 
Using A.10 in Equation A.3, we get 
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The complementary function is 
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Assume the Particular integral as 
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Substituting the expression A.14 in A.12 and comparing the coefficients of different powers of


, we get 
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(In view of the boundary conditions (iii) and (iv) in expression (13)) 

Since the derivative of 
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 at 0r  is infinite, 2d
 is to be taken zero. 

Thus, 
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Using the boundary conditions (i) and (ii) in expression (13) ( when 
  0trp z 

)in section 2, we get  
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Substituting A.18 and A.19 in A.17, we get the expression (17) in section 2. 
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