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Abstract 

The binary quadratic equation  2211 22  xy  
representing the hyperbola is studied for its non-zero distinct integer 

solutions. A few interesting properties among the solutions are presented. Employing the integer solutions of the equation 

under consideration, integer solutions for special straight lines, hyperbolas and parabolas are exhibited. 
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1. Introduction 

The binary quadratic equation of the form 
1Dxy 22 

 where D is non-square positive integer has been 
studied by various mathematicians for its non-trivial integral solutions when D takes different integral values [1-4].  

For an extensive review of various problems, one may refer [5-11].   In this communication, yet another interesting 

hyperbola given by 
2211 22  xy

 is considered and infinitely many integer solutions are obtained.  A few 

interesting properties among the solutions are presented. 

 

2. Method of Analysis 
The positive Pell equation representing hyperbola under consideration is,  

2211 22  xy
                                                                                                           (1) 

whose smallest positive integer solution is     

30 x
,

110 y
 

To obtain the other solution of (1), consider the Pell equation   

111 22  xy
 

The initial solution of Pell equation is 

3~
0 x

,
10~

0 y
 

whose general solution is given by,      

nn gx
112

1~ 

, 
nn fy

2

1~ 
 

where,            

11 )11310()11310(   nn

nf  
11 )11310()11310(   nn

ng
 

Applying Brahmagupta lemma between 
 00 , yx

 and 
 nn yx ~,~

 , the other integer solution of (1) are given by, 

]11113[
112

1
1 nnn gfx 

                                                                                                      (2) 

]331111[
112

1
1 nnn gfy 

                                                                                                (3) 

https://arpgweb.com/journal/journal/17
https://doi.org/10.32861/ajams.67.85.92
mailto:drntsmaths@gmail.com
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


Academic Journal of Applied Mathematical Sciences 

 

86 

where n= -1,0,2,… 

Thus (2) and (3) represent non- zero distinct integral solutions of (1) which represents a hyperbola. The 

recurrence relation satisfied by   and    are given by, 

020 123   nnn xxx
 

020 123   nnn yyy
 

A few numerical examples are given in the following Table (1) below: 

 
Table-1. Numerical Values 

n  
1nx

 1ny
 

-1 3 11 

0 63 209 

1 1257 4169 

2 25077 83171 

3 500283 1659251 

 

From the above table, we observe some interesting relations among the solutions which are presented below. 

 1nx
 values are odd  and 

)3(mod01 nx
 

 1ny
values are odd and 

)11(mod01 ny
 

 

2.1. Each of the following Expression is a Nasty Number 

 
 236 2222   nn xy

 

 
 12382 3232   nn xx

 

 

 120379
10

1
2242   nn xx

 

 

 2063
10

6
2232   nn xy

 

 

 3981257
119

6
2242   nn xy

 

 

 26403962508
220

1
3222   nn xy

 

 

 2626819825014
2189

1
4222   nn xy

 

 

 13218378
33

1
3222   nn yy

 

 

 7920187542
660

1
4222   nn yy

 

 

 396250141254
33

1
3242   nn xx

 

 

 13241581254
11

1
3232   nn xy

 

 

 1320829621254
110

1
3242   nn xy

 

 

 1320415825014
110

1
4232   nn xy

 

 

 1328296225014
11

1
4242   nn xy

 

 

 4356415882962
363

1
4232   nn yy
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2.2. Each of the following Expressions is a Cubical Integer 

 
 113333 933   nnnn xyxy

 

 

 213343 35719
3

1
  nnnn xxxx

 

 

 313353 31137379
60

1
  nnnn xxxx

 

 

 213343 318963
10

1
  nnnn yxxy

 

 

 533313 125737713
199

1
  nnnn yxxy

 

 

 334321 418661981254
220

1
  nnnn yxxy

 

 

 335331 4169339912507
2189

1
  nnnn yxxy

 

 

 334321 6339189
33

1
  nnnn yyyy

 

 

 335331 1257393771
660

1
  nnnn yyyy

 

 

 534323 209416912507627
33

1
  nnnn xxxx

 

 
 434322 2096932079627

11

1
  nnnn yxxy

 

 

 535323 2091382741481627
110

1
  nnnn yxxy

 

 

 53433\2 6934169207912507
110

1
  nnnn xyxy

 

 
 53533\3 1382741694148112507

11

1
  nnnn xyxy

 

 

 53433\2 69313827207941481
363

1
  nnnn yyyy

 
 

2.3. Each of the following Expressions is a Biquadratic Integer 

 
 64123 22224444   nnnn yxxy

 

 

 1847619
3

1
32224454   nnnn xxxx

 

 

 36041516379
60

1
42224464   nnnn xxxx

 

 

 60425263
10

1
32224454   nnnn yxxy

 

 

 1194450281257
199

1
42224464   nnnn yxxy

 

 

 1320167226466418
220

1
22325444   nnnn yxxy

 

 

 1313416676132334169
2189

1
22426444   nnnn yxxy

 

 

 19825212363
33

1
32325444   nnnn yyxy

 

http://arpgweb.com/?ic=journal&journal=17


Academic Journal of Applied Mathematical Sciences 

 

88 

 

 396050281231257
660

1
22426444   nnnn yyyy

 

 

 198836166764169209
33

1
42325464   nnnn xxxx

 

 
 668362772693209

11

1
32325454   nnnn yxxy

 

 

 6608365530813827209
110

1
42325464   nnnn yxxy

 

 

 6602772166766934169
110

1
42326454   nnnn xyxy

 

 
 665530816676138274169

11

1
42426464   nnnn yyxy

 

 

 217827725530869313827
363

1
42326454   nnnn yyyy

 
 

2.4. Each of the following Expression is a Quintic integer  

 
 1133335555 30101553   nnnnnn xyxyxy

 

 

 3133535575 10379018955379
60

1
  nnnnnn xxxxxx

 

 

 2133435565 10630315563
10

1
  nnnnnn yxxyxy

 

 

 5333135575 5628512570101257
199

1
  nnnnnn yxxyxy

 

 


















33

43216555

2090

330660418066418

220

1

n

nnnnn

y

xxyxy

 

 


















33

53317555

20845

16533041690334169

2189

1

n

nnnnn

y

xxyxy

 

 

 3343216555 3151530630363
33

1
  nnnnnn yyyyyy

 

 


















33

53317555

6285

15301257031257

660

1

n

nnnnn

y

yyyyy

 

 


















53

43236575

1045

208454169020904169209

33

1

n

nnnnn

x

xxxxx

 

 


















43

43226565

1045

346569302090693209

11

1

n

nnnnn

y

xxyxy

 

 


















53

236575

69135

138270209013827209

110

1

n

nnnn

x

xyxy

 

 


















5343

327565

346520845

6930416906934169

110

1

nn

nnnn

xy

xyxy

 

 


















5353

3\37575

6913520845

13827041690138274169

11

1

nn

nnnn

xy

xyxy

 

 


















5343

327565

346569135

693013827069313827

363

1

nn

nnnn

yy

yyyy

 

 
 1133335555 30101553   nnnnnn xyxyxy
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2.5. Relations among the Solutions are Given Below 

 
0103 211   nnn xxy

 

 
019960 311   nnn xxy

 

 
03310 211   nnn yxy

 

 
0660199 311   nnn yxy

 

 
020 213   nnn xxx

 

 
0103 212   nnn xxy

 

 
0199103 213   nnn xxy

 

 
06 312   nnn xxy

 

 
01033199 312   nnn yxy

 

 
019960 313   nnn xxy

 

 
0101993 321   nnn xxy

 

 
01066 221   nnn yxy

 

 
066 321   nnn yxy

 

 
01033199 312   nnn xyx

 

 
01033199 132   nnn yxy

 

 
0199660 331   nnn yxy

 

 
01033 231   nnn yxy

 

 
020 213   nnn yyy

 

 
0660199 113   nnn yxy

 

 
01033 322   nnn xxy

 

 
01033 323   nnn xxy

 

 
01033 212   nnn xxy

 

 
01033 221   nnn yxy

 

 
03310 322   nnn yxy

 

 
01991033 213   nnn xxy

 

 
01033 323   nnn yyx

 

 
01033 322   nnn yyx

 
 

3. Remarkable Observations 
Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices 

of straight line which are presented in the table 2 below: 

 
Table-2. Straight Line 

S.No: Straight Line ),( YX
 

1. YX 20  )379,19( 1312   nnnn xxYxxX
 

2. YX 310   
)63,19( 1212   nnnn xyYxxX

 
3. YX 3199   )1257,19( 1312   nnnn xyYxxX

 
4. YX 3220   

)66418,19( 2112   nnnn xyYxxX
 

5. YX 32189   )334169,19( 2112   nnnn xyYxxX
 

6. YX 11  
)363,19( 2112   nnnn yyYxxX

 
7. YX 220  

)31257,19( 3112   nnnn yyYxxX
 

8. YX 3110   
)13827209,19( 2312   nnnn xyYxxX

 
9. YX 311   )138274169,19( 3312   nnnn xyYxxX

 

http://arpgweb.com/?ic=journal&journal=17


Academic Journal of Applied Mathematical Sciences 

 

90 

10. YX 6  
)379,63( 1312   nnnn xxYxyX  

11. YX 60199   
)1257,379( 1313   nnnn xyYxxX

 
12. YX 311   

)66418,379( 2113   nnnn xyYxxX
 

13. YX 602189   
)334169,379( 3113   nnnn xyYxxX

 
14. YX 10  

)13827209,693209( 2322   nnnn xyYxyX
 

15. YX 3  
)693209,4169209( 2223   nnnn xyYxxX

 
16. YX 11  )334169,1257( 3113   nnnn xyYxyX

 
17. YX 3  )31257,66418( 3121   nnnn yyYxyX

 
18. YX 3  

)693209,363( 2221   nnnn xyYyyX
 

19. YX   
)6934169,13827209( 3223   nnnn xyYxyX

 
20. YX 10  )138274169,6934169( 3332   nnnn xyYxyX

 
21. YX 33  

)69313827,138274169( 3233   nnnn yyYxyX
 

22. YX 3  )3,19( 1112   nnnn xyYxxX
 

23. YX 10  
)3,63( 1112   nnnn xyYxyX

 
24. YX   

)4169209,363( 2321   nnnn xxYyyX
 

25. YX 11  )3,138274169( 1133   nnnn xyYxyX
 

 

Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices 

of hyperbolas which are presented in table 3 below. 

 
Table-3. Hyperbola 

S.No Hyperbola ),( nn YX
 

1 4411
22
 nn XY

 
















11

11

3

,311

nn

nn

xy

yx

 
2 396911

22
 nn XY

 
















12

21

19

,21

nn

nn

xx

xx

 
3 17424009121

22
 nn XY

 
















13

31

379

,419

nn

nn

xx

xx

 
4 440011

22
 nn XY

 
















12

21

63

,3209

nn

nn

xy

yx

 
5 174244411

22
 nn XY

 
















13

31

1257

,34169

nn

nn

xy

yx

 
6 19360011

22
 nn XY

 
















21

12

66418

,12622

nn

nn

xy

yx

 
7 1916688411

22
 nn XY

 
















31

13

334169

,125711

nn

nn

xy

yx

 
8 435611

22
 nn XY

 

















21

12

363

,19

nn

nn

yy

yy

 
9 174240011

22
 nn XY

 
















31

13

31257

,379

nn

nn

yy

yy

 
10 435611

22
 nn XY

 
















23

32

4169209

,631257

nn

nn

xx

xx

 
11 48411

22
 nn XY

 
















22

22

693209

,63209

nn

nn

xy

yx

 
12 4840011

22
 nn XY

 
















23

32

13827209

,634169

nn

nn

xy

yx

 
13 4840011

22
 nn XY

 
















32

23

6934169

,1257209

nn

nn

xy

yx
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14 48411
22
 nn XY

 
















33

33

138274169

,12574169

nn

nn

xy

yx

 
15 52707611

22
 nn XY

 
















32

23

69313827

,4169209

nn

nn

yy

yy

 
 
Employing linear combination among the solutions of (1), one may generate integer solutions for other choices 

of parabolas which are presented in table 4 below 

 
Table-4. Parabola 

S.No Parabola (Xn, Yn) 

1 2211
2
 nn XY

 
)3

,311(

2222

11









nn

nn

xy

yx

 
2 66311

2
 nn XY

 
















2232

21

19

,21

nn

nn

xx

xx

 
3 5808000660

2
 nn XY

 
















13

31

379

,419

nn

nn

xx

xx

 
4 24200111210

2
 nn XY

 
















2232

21

63

,3209

nn

nn

xy

yx

 
5 173373178435611

2
 nn XY

 
















2242

31

1257

,34169

nn

nn

xy

yx

 
6 880020

2
 nn XY

 
















3222

12

66418

,12622

nn

nn

xy

yx

 
7 871222199

2
 nn XY

 
















4222

13

334169

,125711

nn

nn

xy

yx

 
8 1983

2
 nn XY

 
















3222

12

363

,19

nn

nn

yy

yy

 
9 792006

2
 nn XY

 
















4232

13

31257

,379

nn

nn

yy

yy

 
10 217811

2
 nn XY

 
















3242

32

4169209

,631257

nn

nn

xx

xx

 
11 24211

2
 nn XY

 
















3232

22

693209

,63209

nn

nn

xy

yx

 
12 2420011

2
 nn XY

 
















3242

32

13827209

,634169

nn

nn

xy

yx

 
13 2420011

2
 nn XY

 
















4232

23

6934169

,1257209

nn

nn

xy

yx

 
14 24211

2
 nn XY

 
















4242

33

138274169

,12574169

nn

nn

xy

yx

 
15 26353811

2
 nn XY

 
















4232

23

69313827

,4169209

nn

nn

yy

yy

 
 

3.1. Generation of Pythagorean Triangle 

Consider 
., 111   nnn xqyxp
 Note that 

.0 qp
 Treat 

qp,
 as the generators of the Pythagorean 

triangle 
),,( ZYXT

 where 
.,,2 2222 qpZqpYpqX 
 

Let A,P represents the area and perimeter of Pythagorean triangle. Then the following results are observed. 

a) .0221011  ZYX  
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b) 
.

2
11  nn yx

P

A

 

c) 
)(3 YZ 

 is a nasty number. 

d) 
)

4
(3

P

A
X 

 is a nasty number. 

e) 

Y
P

A
X 

4

 is written as the sum of two squares. 

 

4. Conclusion 
In this paper, we have presented infinitely many integer solutions for the Diophantine equations represented by 

the hyperbola
2211 22  xy

. As the binary quadratic Diophantine equations are rich in variety, one may search 

for the other choices of equations and determine their solutions with the suitable properties. 
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