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Abstract

Let k,1,a and b be positive integers with max{a,b} > 2. In this paper, we show that every positive rational number can
be written as the form (p(kma)/¢(|nb), where m,n € N if and only if ged(a,b)=1 or(a,b,k,1)=(2,2,1,1) . Moreover,
if gcd (a, b) >1, then the proper representation of such representation is unique.
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1. Introduction

Let N be the set of all positive integers and ? Euler's totient function, which is defined as ¢(n) =

12,...

#{r:r € N,0 <r < n,gcd(r,n) = 1}, the number of integers in the set N that are relatively prime to .

Let

S

n=IIp" p<p,<-p
=1 are prime, a; € N

be the standard factorization of a positive integer M, it is well-known that

S S
¢(n)=¢(H pf“j=H(pi ~1)pi"”
i=1 i=1 (1)
(See. e.g., [1], page 20). Sun [2], proposed many challenging conjectures on representations of positive rational
numbers. Recently, Krachun and Sun [3] proved that:any positive rational number can be written as the form

¢(m2 )/(D(nz),where m,n € N.

a,b,k . max{a,b}>2

and | with
a b
problem when every positive rational number can be written as the form o (km )/(p('n ) where m,n € N.
p(m) o(mp)

Note that if P is a prime with either p|ged(m,n) or ged(p.mn) _1, then (M) @(MP)  From this
we can easily derive that

o(km2d;) _ p(km*)

p(In°dy)  o(In) @
d? =d’ p|d.d,

For given positive integers , in this paper, we consider a more general

whenever dy and d, are positive integers with either

p|ged (km, In) o ged( p,kimn) =1

, and for each prime

. Hence we have the following definition.

Definition 1: Let k.l,a max {a,b} > 2
()

b
A representation of e (In") is called a

and I a positive rational numbers.

>1 d

representation if there are no positive integers d, and 2

and D be positive integers with

proper

93


https://arpgweb.com/journal/journal/17
https://doi.org/10.32861/ajams.67.93.99
mailto:yuanpz@scnu.edu.cn
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

Academic Journal of Applied Mathematical Sciences

— _ a__ b
such that M- mldl, n=nd, : d =d, , and for each prime p|d1d2, either p|ng(kml’|nl)
ged(p, kimn,) =
P(m?)
— r— .

For example,when (a,b, k,I)_(Z, 2’1’1) ,then a representation of 2("*) s called a PTOPEr
representation if there are no positive integers d >1 sych that m= mld ,n - nld , and for each prime p| d , either
plged(m,,n;) ged(p,mn,)=1

The main purpose of this note is to show the following result.

>
Theorem 1 Let k.l,a and D be positive integers With {a’ b} - 2. Then any positive rational number

b
can be written as the form ¢(km )/gp(ln ) where m,ne€ N if and only if ng(a’b)=1
(a,b,k,1)=(2,2,1,1) i ged(a,b)>1

. Moreover, i
a positive rational number is unique.

proper

, then the representation of such representation of

2. Proof of Theorem 1

Proof. por a positive rational number ' with T #1 Jet

r:_li{pi“i, P, <P, <-- Py, €0 \{0}

-~ . P(r)= .
be the standard factorization of I, where Po< Py <P are primes. Let ( ) . denote the maximal

prime factor of ,Vps (r) = ,the ps—valuation of I' ;and we let P(l) =1.

. ged(ab)=

We first prove that i or (a’ b) - (2’ 2) and (k’ ! ) - (1’ 1), then any positive rational number

can be written as the form (D( )/¢(In ) where m,n € N. Recall that Krachun and Sun [3] have proved the
(a,b,k,1)=(2,2,11) hocd(ab)=1__ any

ged(a,b) =

case of It suffices to show the statement holds for & and b wit

integer C it is well-known that there are positive integers X and Y such that ax-hy=c

.Hence for each prime P with Vo (r) r p|k|

Vo (1) =V, (k) +ax(p)-v, (1)-by(p).
Let

since

e X
,there are positive integers P and Y, such that

m = I1 pX(p) n= I1 pv(p)_
plkl,or v, (r)=0 plkl,or v, (r)=0
Then it is easy to check that

o go(kma)
(i)

since for any prime P with v ( )7&0 or p|k| ,we have p|gcd(m,n) and hence
vy (r) =V, (k) +av, (m)-1-(v, (1)+bv, (n)-1) =v, (k) +ax(p)-v, (1)-by(p).
p(km*)
Therefore we have proved that any positive rational number can be written as the form o(In”)
hengcd(a,b):lor (a,b) =(2,2)am| (k,l):(l,l).

>
Next, we will show that if 93 (20)=2 g (2D 1)#(2,2.1.1)
number I such that I' cannot be written as the form

ollm)
o(i7)’

,mneN

, then there exists a positive rational

mnell.
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it ged(a,b)=pu>2 t=1(mod )

, take ttobea positive integer with and P a prime with P> P(kl),

olkm)

- p! - o(In°)
we will show that cannot be written as the form
Suppose that there are positive integers M and N such that

a
o = (o(km )
o(In)
| | - P(k
Without loss of generality, we may assume that the above representation is proper,so

P(mn)= psince P> P(kl) .Now we have

Vp((o(pavp(m))/(o(pbvp(n))):avp(m)—bvp(n)so(mody), it v,(n)=0,

vp(go(pavp(m))):avp(m)—l, if v, (n)=0,
0(mod )  t=—1(mod x)

,mnell.

mn)=p

,and hence

Which implies thatt ,a contradiction to tEl(mOd ,u) and # 2 3.Hence

p can not be written as
o (km*)
P (")
For the case of ng(a’ b) THE 2and(a’ b) . (2’ 2) ,we have that max{a, b} >2 .We only consider the
p>P(kl)

mnel].

case where &> 2 (the argument for the case of b>2 s similar).We have, for a prime P with
o(km*)
v, [WJ =av, (m)—bvp (n)=0(mod2)=0(mod 2),

or avp(m)—123 vp(n)=0’ or 1—bvp(n)<0 when vp(m)=0,SO

when

p can not be written as
o (km?)

Now we consider the case where (a’b) :(2’2) and (k’l) . (1’1) ,then m

mnell.

>
ax{k, I} 22 .Without loss of

generality,we may assume that P= P(kl ) - P(k) (the argument for the case of P= P(kl) - P(I ) is similar).
If p|ng (k’ I) , then we have

\" M =V —V =+ v.(m)—v_(n =V —V mo
p{(p(lnb)J_ p(k) p(l) 2( p( ) p( ))_ p(k) p(l)( d2)'

o(km?)
,mnell. &
so P can not be written as (p('” )’ 1 P
omit the detail), then we have

¢(km) =V + v.(m)—v_(n))=v mo
[¢(|n )] p(k) 2( p( ) p( ))* p(k)( d2),

Vo (K)=vp (1)]+1 D ®

(the case where is similar, and we

_ = ~vp(k)-1
Vo (k) 1+ 2Vp ( ) 20 when Vo (n) - O,so p " can not be written as
M ,mnell.
(In ) This proves the first statement.

. . P(kl '
To prove the last statement, we use a double induction on ( ).We first prove that the statement holds for

k.

P(kl)zlby induction on P(r),then we prove that the statement holds for any positive integers by

induction on P (kl ) .

d =gcd(a,b)>1

Let and I' a positive rational number.Suppose that the representation of
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M,m,neD.
o(In”) €)

is proper. We will show that ™ and N are uniquely determined by ', K and ! ,in other words,the proper

r =

. L . . . P (kI L
representation (3)of I' is unique. We prove this by a double induction on ( ).To begin with,we show that for

P(kl):l, ie., k=l :1. In this case,we use induction on

the proper representation(3)of ' is unique when
P P(r)=1, '~ olm) P
= b =
(r) For (r) et ¢(n ) be a proper representation of 1 and let P (mn). If p> l,then Pisa
prime and we have
0=v,(1)=av,(m)-bv,(n).
1=¢)(mla) vy (m) v, (n) b
b — p — p =
Hence qo(nl ) ,where m, = m/ P ,nl - n/ P ,and vy (m) Vo (n) , Which implies that the
e(m*)
T o) . p=1 _
representation of ? is not proper, a contradiction. Hence ,and 1 has only the proper representation

(1)

= b i . P(r)>1 .
of (p(l ) .For a proper representation (3)of I' with ( ) ,we claim that

P(mn)=P(r).
4
Let q= P(mn) .Obviously,we have q= P(r) .Note that
(p(ma) av, (m)—byv, (n),if v,(m)=0 apd Ve (n)=0,
v, = | =1 av,(m)-1, if v,(n)=0,
(p(n ) —bv, (n)+1, if v,(m)=0.
®)
o(m*)
0=v,(r)=v [ . J
If q>P(r), then we have q q (p(n) ,SO vq(m);tO and vq(n);tO. Hence
0= Ay (m)—bvq (n) , Which implies that AV (m) :bvq (n) herefore, we have
L_o(m)_o(m)
o(n")  o(n)

o(m')

r= -
(p(n ) is not proper by definition, a

— vg(m) _ vg(n)
where M= m/q and = n/q .i.e.,the representation of
contradiction. Hence P(mn) - P(r) when the representation (3) of I' is proper.

For P (r) =2 by (4),for any nonzero integer Cand any proper representation of
o(m*)

o(n")
we have that P(mn) - 2, so there are non-negative integers X and Y such that M= 2" and N=2" For

d =ged(ab)|c

2° =

,mnel]

simplicity, we assume that C > O(the case where € <0 jg similar).If ,then it follows from (5)

hat C=aX—by,x>0,y>0 (X Y)=(X¥) % >0 y,>0

the linear equation
ax—by=c¢, x>0,y >0.

be the least positive integer solution of

It is well-known that all positive integer solution (X ’Y) of the equation aX —bY =c gr¢ given by

a
——t,te Y{ol.
gcd(a,b) < %} ©)

We claim that X=X and y=Yo .Otherwise, there exists a positive integer t such that

X =X, + LY =y, +

_b
gcd(a,b)
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=X +Lt = +Lt
~ 7% " ged(a,b) Y=o ged(a,b)
Hence we have
zc . @(Zaxdla) B q)(zaxo ) ,dla — d: — zgcc?(b;,b)'

To(27a) o(27)

Which contradicts with the proper representation of 2¢. Therefore x = x, and y = y,. Hence the proper
representation of 2¢ is unique. If gcd(a,b)/|c, then it follows from (5) that c=ax—1 and y=0, so
x = (c + 1)/a, the proper representation of 2¢ is also unique. This proves the result for P(r) = 2.

Now let g be an odd prime and assume that the result holds for P(r) < q. Let r be a positive rational number
with P(r) = q, and the representation (3) of r is proper. By (4), we have P(mn) = q. If v,(n) = 0, then v,(r) > 0
and it follows from (5) that v,(r)=av,(m)—1 and v,(n) =0, so v,(m) = (v,(r)+1)/a.Let
1, = 1r/q%" (q — 1). Then we have
_ Py

? )

where m; = m/q%"™ and n, = n.Note that the representation of 1, = 4 (mla)/(p (n,?) is proper, so by the
induction hypothesis, m, and n, are uniquely determined by r, since P(r;) < P(r) = q. Therefore the proper
representation of r is unique.

If v,(m) = 0 and v, (n) > 0, then v,(r) < 0 and it follows from (5) that v,(r) = —bv,(n) + 1 and v,(m) =
0, 50 v,(n) = (—v,(r) + 1)/b. Let 1, = r(q — 1)/q*a". Then we have
_ ¢ (m )

¢ (n.?) ’

where m; = m and n, = n/q%™. Now the representation of 7, = (p(ml“)/(p(nlb) is proper, so by the
induction hypothesis m,; and n; is uniquely determined by r, since P(r;) < P(r) = q. Therefore the proper
representation of r is unique.

If v;(m) >0 and v,(n) > 0, then it follows from (5) that v,(r) = av,(m) — by, (n) since v,(m) > 0 and
v,(n) > 0.By the similar argument as above, we have (v,(m), v,(n)) = (x, y) is the least positive integer solution
of the linear equation ax — by = v, (r). Letr, =r/q". Then we have
_

? )

where m; = m/q" and n, = n/q"a™. It is easy to verify that the representation of r, = % (m,*)/ % (n,?)
is proper. Since P(r;) < P(r) = q, by the induction hypothesis, m, and n, are uniquely determined by r,. Therefore
the proper representation of r is unique.

In view of the above, we have proved that the representation (3) of r is unique. This completes the proof of the
case (k,1) = (1,1).

Now we assume that the statement holds for P(kl) < p, where p is a prime.

That is, for any positive integers k, | with P(kl) < p and any proper representation of
? (km
r= ﬂ, mneN,
? (n?)
of a rational number number r, m, n are uniquely determined by r, k, I. We prove that the statement holds for
P(Kkl) = p. For the first step, we let 1, be a positive rational number with least P(r;,) such that
? (km*)
Ty = , m,n € N,
? (n?)

is a proper representation of r,. We show that m, n are uniquely determined by 7y, k, I. Obviously, q =

P(klmn) = P(r,), then we have
<(p(kma)> avy(m) + v, (k) — bv,(n) — v, (D), ifvy(km)-v,(In) # 0
0=

To

To

To

=1 avy,(m) + v, (k) — 1 , ifvrg(n) =0

—bv,(n) —v,(D +1 , ifvg(km) =0

Ifv,(in) = O(resp. v, (km) = 0), then v,(n) = 0 and v,(m) is uniquely determined by k (resp. v,(m) =
0 and v, (n) is uniquely determined by I).

If v,(km) = 0, then we have av,(m) + v, (k) — bv,(n) — v, (1) = 0. By the same argument as before, we see
that (v,(m),v,(m)) = (xy) is the least non-negative (resp. positive) solution of the linear equation ax —by =
v, (D) — v,(k) when v, (k) > 0 and v, (1) > 0 (resp. when v, (k) =0 or v,(I) = 0 ). Hence v, (k) and v,(l) are
uniquely determined by k, I. We have

¢ (Inb)
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O em®
n=r=———
? (tiny?)

where k; = k/q%®, I, =1/¢%®, m; = m/q%™ and n, = n/q"«™, and the above representation of 7, is
proper. Further, if g> p = P(kl), then

(kD = (ky, ) and av,(m) = by,(n), so the representation of 7, = (p(km“)/(p(lnb), m,n € N is not
proper. Hence q= p = P(kl), and therefore P(k,l;) < P(kl) = p. By the induction hypothesis on P(kl), we know
that the representation of r, = 4 (kymy )/ 4 (l4n,?) is unique, so m,, n, are uniquely determined by r,, k,, [;, and
hence m, n are uniquely determined by ry, Kk, I.

If g = P(klmn) = P(r,), then we have v, (r,) =

avg(m) + v, (k) — bv,(n) — v, (D), ifvg(km) - vg(In) # 0
=1 avy(m) + v, (k) — 1 , ifvg(In) =0

? (in%) —by(n) — vy (D) + 1 . ifvg(km) =0

By the same argument as in the case of P(klmn) > P(r,), we get v,(m), v,(n) are uniquely determined by r,,

k, I and we have

? (km®)

P (kymy®)
? (Liny?)

1 =1,/q%0 =
where k; = k/q%1® 1, =1/q%W, m; = m/q"«"™ and n, = n/q"™, and the above representation of 7, is
proper. Further, we have P(r;) < P(1p)
and P(k,L,) < P(kl) = p. If P(k,1y) = P(kl) = p, then (k)= (ky, L),
_ Y aemy®

= )
? (in,%)

and P(r;) < P(ry), which is impossible by the definition of r,. If P(k,l;) < P(kl) = p, then by the induction
hypothesis on P(kl), we know that the representation of r, = (p(klml“)/(p(llnlb) is unique, so m,, n,are
uniquely determined by r;, k4, L;, and hence m, n are uniquely determined by r,, k, I.

Next we assume that the statement holds for all positive rational number r with P(ry) < P(r) = q, q is an odd
prime. We show that the statement holds for all positive rational number r with P(r) = q. Let

? (km¢
r= ﬂ, m,n € N,

? (In?)

be a proper representation of r. Obviously, g = P(klmn) = P(r). If ¢ = P(klmn) > P(r), then we have 0 =
avy(m) + v, (k) — bv,(n) — v, (D), ifvg(km) - vy(In) # 0

@ a
ﬂ =1 ay(m) + v, (k) — 1 , ifvg(In) =0
? (n?) —by(n) — v, (1) +1 . ifv,(km) =0
By the same argument as in the case of r = r,, v,(m), v, (n) are uniquely determined by k, I. And we hav
P (kym,®)
n=r= )
)

where k, = k/q"® 1, =1/¢¥4®, m, = m/q*a" and n, = n/q"a™, and the above representation of r; is
proper. Similarly, by the induction hypothesis on P(kl), we know that the representation is unique, so m,, n, are
uniquely determined by r, k4, l;, and hence m, n are uniquely determined by r, k, I.

The argument of the case where P(klmn) = P(r) is the same as in the case of r = r,. Now we have v,(m),

v,(n) are uniquely determined by r, k, I and
? (kym, )

? tm?)

where k, = k/q"®, 1, =1/¢¥4®, m, = m/q*a" and n, = n/q*a™, and the above representation of r; is
proper. Further, we have P(r;) < P(r)

and P(k,l,) < P(kl) = p. If P(k 1)) = P(kD) =p, then (k, 1) = (ky, L),

? (em, )
n=——"
? (n,?)

and P(r;) < P(r,), by the induction hypothesis on P(r), we obtain that m,, n, are uniquely determined by 1,

k4, 1;, and hence m, n are uniquely determined by 7y, k, I. If P(k,1;) < P(kl) = p, then by the induction hypothesis

= r/q”q(r) =

on P(kl), we know that the representation of r, = (p(klmla)/(p(llnlb) is unique, so my, n, are uniquely
determined by r;, k4, l;, and hence m, n are uniquely determined by r, k, I.

98


http://arpgweb.com/?ic=journal&journal=17

Academic Journal of Applied Mathematical Sciences

This completes the proof.
Two examples: (1) For (a, b) = (2,3) andr = 5/11, we have
5 _9(5'11%)  ¢(5°11%) _ ¢(55%)
11 @(53113) o(113)  @(223)
Both ¢(55%)/9(22%) and ¢(55%)/¢(223) are proper representation of 15—1
(2) For (a, b) = (2,2) andr = 19/47, we have
19 19x46 19¢(23%) 5¢(19%2x232) (32 x 52 X 192 x 232)
47 @(47?)  11¢(472) 9¢(112 x 472) 4¢(3* x 112 x 472)
@22 x 32 x5%2x192 x23%) @(13110%) @(39330?)
e(2* x 34 x 112 x 472) ~ ¢(186122)  ¢(558362)

Here ¢(131102)/¢(186122) is the proper representation of r = 19/47, while the representation
©(39330%)/¢(558362) in [3] is not proper.

Remarks: (1) It follows from the proof of Theorem 1 that if a, b, m, n are positive integers such that
min{a, b} > 1 and p(m?) = (n?), then m® = n?.

(2) For (a, b) = (2,2), by the main theorem of [3] and Theorem 1, we have that any positive rational number
can be written as the form @(m®)/@(n?), where m,n € N. Moreover, the proper representation of any positive
rational number of the form @(m®)/@(n?) is unique.

(3) Let p be a prime and a, b, ¢ positive integers with gcd(a,b) =1 andc=au—1,u€N. Let 1/p—1=
@(m%)/p(nP) be a proper representation of 1/p — 1 and x, y be the least positive integer solution of the linear
equation ax — by = au — 1. Then

c

e _ P preame)
HCONERECD
And both representations above of pc are proper. The first equality of the above equation does not hold when
gcd(a, b) > 1 since the related linear equation ax — by = au — 1 has no integer solution (x,y).
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