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Abstract

The local regularization method for solving the first-order numerical differentiation problem is considered in this paper.
The a-priori and a-posteriori selection strategy of the regularization parameter is introduced, and the convergence rate of
local regularization solution under some assumption of the exact derivative is also given. Numerical comparison
experiments show that the local regularization method can reflect sharp variations and oscillations of the exact derivative
while suppress the noise of the given data effectively.
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1. Introduction

Numerical differentiation, which aims to compute the derivative of a function from its measured data
approximately, has extensive application values in scientific studies and engineering practices. For example,
differential operator method is the most common image edge detection method [1]. In general, image edges can be
detected by finding the maximum of first-order derivatives or the zero-crossing of second-order derivatives of the
image intensity [2].

Numerical differentiation is a classical ill-posed problem, and its main difficulty is the instability of numerical
derivatives. There have been many stable methods developed for solving this problem. Generally speaking, these
methods can be categorized as the finite difference method [3], the regularization method [4], the mollification
method [5], the Lanczos integral method [6, 7] and so on.

1 £ 2
Assume that f e HT0.]] and U= f'eL°[0,1]
following Volterra equation:

is its first-order derivative, then f and YU satisfy the

Alu](x) = joxu(s)ds - f(x), xe[0,1],

— o 2
provided that F(0)= 0. Consider the noisy data fel0]] of f , it is unstable to solve
A1) = (), xe[0,1] @

directly, and some regularization methods should be introduced. An immediate idea is to solve (1.1) by the
Tikhonov regularization method, i.e., the regularization solution satisfies

run, () + A" Alug, J() = ATF°1(x), xe[0,1],
A'Tu](x) = _[Xlu(s)ds

where >0 s the regularization parameter and is the adjoint operator of A in

2 2
L [0’1]. Since the operator A s nonnegative in L [0’1], the Volterra equation (1.1) can also be solved by
Lavrentiev regularization method [8], where the regularization solution satisfies

M, () + Alu, J(¥) = F°(x), xe[0,1].

As we know, the solution of Tikhonov regularization is too smooth, while the solution of Lavrentiev
regularization is too sensitive to the noise. In order to ensure the calculation accuracy while suppressing the noise,
some eclectic methods should be introduced.

The local regularization method can be used to solve Volterra integral equation, Fredholm integral equation of
the first kind [9-12]. If only consider the equation (1.1), the local regularization method adopts the information of
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5 )
f (X) on a small future interval [X’ X+ r] when we compute U(X) , which avoids the overuse of f (X) in

o
Tikhonov regularization and the underuse of F2(x) in Lavrentiev regularization. Therefore, the local
regularization method will be adopted to solve the Volterra equation (1.1). In this paper, we give the a-priori and a-

1°[0,1]

posteriori parameter selection strategy in space with the convergence rate of local regularization solution,

o
where the a-priori assumption is U belongs to Sobolev space H*[0,1], o € (0’1). The a-posteriori parameter
selection strategy we used is the extension of the generalized discrepancy principle for Lavrentiev regularization
method given in [13-15].

The paper is organized as follows. In Section 2, the local regularization method for solving numerical
differentiation problem is given. The a-priori and a-posteriori selection strategy of the regularization parameter with
the convergence rate of local regularization solution are given in Section 3. At last, numerical comparison
experiments are shown in Section 4.

2. Local Regularization for Numerical Differentiation

Let ' € (O.R] , Where R >0 pe a small fixed constant and extend the domain of f and U to [0.1+R] , then
it has
X+p
jo u(s)ds= f(x+p), xe[01, pel0r]. on
Splitting the integral in (2.1) yields
onu(s)ds +[u(s)ds = f(x+p), xe[01, pel0r].
Integrating both sides of the equation with respect to P on [0.r] yields
rex r pX+p r
jo jo u(s)dsdp+jo j u(s)dsd p = jo f(x+p)dp, xe[0,],
i.e.,
X rep r
r jo u(s)ds + jo jo u(x+s)dsd p = jo f(x+p)dp, xe[0,1]. 02

Y
Notice that equation (2.2) still is an equation that the exact solution u=f satisfies exactly. In the text that

f eH'[0,1+R] uel’[0,1+R] ., f° e ’[0,1+R]

follows, we assume that and

o
|| f - f||L2[0,l+R] S 5. (23)

u(x+s)

satisfying

In order to solve (1.1) stably and obtain a desirable approximate derivative, we replace in the second

term of (2.2) by u(x) as 0<T <R s small enough, and thus
2
Ly r vsmn_ (g0
rjo U™ (s)ds +=-u (x)_jO fo(x+p)dp, xe[0,1],
i.e.,
AU T) +—um (x) = £2(x), xe[0,1],
2 (2.4)

1 per
) == 17 (x+p)dp 2
r J.O . Since the operator A s nonnegative in L [0’1], the equation (2.4)

re 2 g
uel [0’1] , which depends continuously on f’ .

Where

has a unique solution

3. The Selection Strategy of Regularization Parameter
In the following, we first introduce the a-priori selection strategy of the regularization parameter I' and the

r.o
convergence rate of the regularization solution Y . For the simplicity of notation, the norm HI without the

2
subscript means the norm of L0, deduced by L* inner product (’)

ueH[0,1+R],a (0, Full e pory SM £9 < 120,14 R]

Theorem 1 Assume that with

r.o
satisfying (2.3) is the noise dataand U "~ is the unique solution of (2.4), then it has the error estimate

T —ul <224 M e

r a+1 (3.1)
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26, 1.
4™ —ul = 0(5% vl

and the optimal convergence rate ) holds when

'
Proof: Denote u (X) as the solution of

AUTI)+~ur () = £.(x), xe[0,1],
2 (3.2)

1 per
fL0==], fOxp)dp
where r , then it has

[ u™ —ull<llu™ —u"l+ u" —ull (3.3)
Since

((%I + A)u,u) =%(u,u)+(Au,u) zg(u,u),

r r r L 2
I(= 1+ Aull == ull I(=1+A)M<=
it has , and thus I' . The Cauchy-Schwarz inequality yields

147 618 = [T 0 o) = £ (v o)l e
r 0°J0
gizfrjr[f("(xw)— f(x+ p)Jd pdx
r 0Jo

=%jorjjp[f‘5(x)— f (x)JPdxd p < 52

Hence, it has

e —url=lG 1+ A - f)ll<—||f‘5—f”<$

(3.4)
Rewriting the equation (2.2) as

AUJ(X) + %u(x) = f.(x) +£u(x) —%jo [ux+s)dsdp, xe[01], a5
and subtracting (3.2) by (3.5) yield

(% |+ AU () —u()] = %jorjo”u(m s)dsdp—%u(x)

= %J;j:[u(x+ s) —u(x)]dsd p.

Hence, it has
u"(x)—u(x) = E(L I+ A)‘ljrfp[u(x+s) —u(x)]dsd p,
r 2 0J0

and then

(3.6)
Il < S ] [ofutxes)-uGoldsd p
<2 [0 T Tutcr 9)-u(ldsd o ox
_—j j{j [u(x+s)-u(x)]ds}dpdx
—I I Ip s Ip[u(x+s) UOOF g e

2a+1

20+1

jjp[u(x+s) u(x)J? dsdxd p
02a+2 ’

ue H*[0,1+R] andH u||H"‘[0,1+R] <M

where the Cauchy-Schwarz inequality is used twice. Since ,l.e.,

J.1+R _f1+R [u(X) u(y)r’ xdy <M?,

2a+l
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it has
2
1 U(X+S)—U(X
RS RV
0J0 S a+l
Hence, it has
4M?
lu"—ulP < r2e
a+2)(2a +3)
i.e.,
r 2M «_ M
lu" —ull< re< re.
JQ2a+2)(2a +3) a+1 an
It follows from (3.3), (3.4) and (3.7) that
20 M
lu™’ —ull € =+ ——r“.
r o+l
a 25 1.5
5 ro _ wrl r=[—q@+-—)]*"
Hence, the optimal convergence rate of U s IU"* —ull=0(5“) e M a
O
The a-priori selection strategy of the regularization parameter given in Theorem 1 relies on the a-priori

!
assumption of exact solution u=f , Which is usually unknown in many practical problems. Compared with the a-
priori selection strategy, the a-posteriori selection strategy generally only relies on the given data and its noise level,
therefore, is more useful. There have been many a-posteriori choice strategies of the regularization parameter, such
as the discrepancy principle and its generalizations [13, 16], the generalized cross-validation method [17], the L-
curve criterion [18] and the Arcangeli's method [19].
Next, we will extend the generalized discrepancy principle for Lavrentiev regularization method [13-15] to local

regularization method. The principle determines the regularization parameter r=r(s) by solving the nonlinear
equation

r,o S v
| A= f2l=Co, .

where C >0 and 0<v <1 gre two given constants. In consideration of the solvability of (3.8), we have the
following conclusion.

5<Cs" <R |2
and R+2 for two constants C >0 ang 0<v <1
re(0,R]

o >
Theorem 2 Assume that I fa I>6

then the equation (3.8) has at least one solution

r.o
Proof: Since U " is the solution of (2.4), it has

r r
211G 1+ Al (2l ul,

where IAl<1 is used, and thus

I AT £20l= S w1 £2), re(O,R].
2 r+2

When =R assumption condition shows that

R
I AluR? - 21> —— [ £2ll> C5".
R+2 (3.9)
Moreover, the triangle inequality yields

[ u™l <l u™ —u"l+l u” —ulkHl ull (3.10)
According to (3.6), it has

| u" —ulP Si4||J.rJ.p[u(x+s)—u(x)]dsdeZ
r 0J0

< % [ [ TuCx+ ) ~u(x)ldsd oY dx
< %I:rj;{jg[u(x+s)—u(x)]ds}zdpdx

< %j:rj;pI:[u(x+s)—u(x)]zdsdpdx
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8 1 r ) P
< J, vl A utcr s)ds + [P (x)ds]d pobx

Denote
_ 8 1 r ) _ 8 1 r )
I _r—4_[0 rJ'O pjo u (x+s)dsdpdx’ l, _r—4j0 rjo p_[o u°(x)dsd pdx,

=—| u?(x)dx <=l ull,
then it has 3j° 3 FOMRIang
I < 8 jlrjr J'ruz(x+s)dsd dx
=77 o 0'0 0 P

< % [} u (- s)dsx :é [1]"u @yotax

_ é[ [ [Luryast+ [ ut@ydt+ [ u (@)t

4 f14r 9 2
SFL ruf(dt <4l ul, o
Estimations of l, and 1, show that
r
lu" —ull<3l ulle[O’hR]. 31D

According to (3.4), (3.10) and (3.11), it has

| AU ]— ffllz%ll ufﬁns%(?wu ul,  +lul)<s+2r ul

L2[0,1+R] L2[01+R]’
and thus
limll Afu™1-f2ll<é.
-0 (3.12)
- o Il Alu™71-£°ll :
Inequalities (3.9), (3.12) and the continuity of "~ show that the equation (3.8) has at least one
solution re (0, R]. O

Since the equation (3.8) may have more than one solution on the interval (O.R] , We determine the a-posteriori

selection strategy of r=r(s) as

r(s):=inf{r (0,R]|ll Au"’]- f°[I=C5"}, (3.13)

where C and V satisfy assumption conditions given in Theorem 2. Next, we will give the a-posteriori

— . r().é .
convergence rate of the regularization solution u under some assumptions.

Theorem 3 Assume that conditions of Theorem 1 and Theorem 2 hold, and there exists a positive number %

S 8 (0).6 =
I ff” 24, 1< (OR] , then for the regularization solution u’ with 7 r()

|| ur(b‘),b‘ _ UH — O(5min{l—v,va})

satisfying satisfying (3.13), it has

V=—

r(@).o _ _ ﬁ
ull=0(5%*) holds when a+l

and the optimal convergence rate I

Proof: The triangle inequality yields
; ; ; ; 20

[ ur @2 —ull <l u" @ —u @ u™® —ull< ==+l u"® —ull,

r (3.14)

re) . N~ . L . = .
where U is the regularization solution satisfying (3.2) with r r(§). Notice that

v (o), r(s)
Co —H A[U ° 5]— fr(zé)HZm” frfé‘)“

r(o ;
%(M £l 2~ f )

v

(G) . (G)
21 0)+2 0 )7 1oy s 2 @)

hence it has
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2Co"
r) < " _2Cs
&~ (3.15)
Vg limr(6)=0
when O is so small that 2C0" <§ is satisfied, and thus 9—0 .
Since
ur@ <l u™ @2 —u @[+ u|
20 ;
<—— -+l u"® —ull+l ull
r(s)
617‘/ r(s6),6
< S0 3l g+l
it has
I ur(&)ﬁHS AC| u||L2[O,1+R]
C _51—v
and thus
20 _ 51_V || ur((s)ﬁ“S 4” u||L2[0,1+R] 51—1/.
r(s) C C-o"" (3.16)
It follows from (3.7), (3.14), (3.15) and (3.16) that
| @9 _yll< A Ul s+ M ( S )8
C-o~" a+1 g —-2Co"
i.e.,
r(6)e _ _ min{l-v,va}
lu ull=0(s ). (3.17)
(8).8 re)s _ |l — ﬁ V=—-"
Hence, the optimal convergence rate of u’ is I ull O(5+) when a+l,

O

From Theorem 3 we know that when the regularization parameter is chosen by the a-posteriori selection
strategy (3.13), the regularization solution has the same convergence rate as the a-priori selection strategy given in
Theorem 1.

4. Numerical Experiments
In this section, we give two numerical examples in order to show the validity of local regularization for

numerical differentiation, where the local regularization solution, i.e., the solution of (2.4) is denoted as Utoc .
Example 1 Consider a function

—£x2+5, x e[0,=],

f(x) = 12 .
X -Z+=, xe(=.1,
2 2

then it has

1 1
__Xa X 01_1
c0.7]

u(x)=f'(x)= 2 1 1
Xx—=, xe(=,1].
2 2

The noise data are generated by
f2(x)= f(x)+o*rand(x), xe[0,1],

rand (X) 0,1

where is a random function that follows the standard uniform distribution on the open interval

Firstly, let us compare the numerical results of three different regularization methods: Tikhonov, Lavrenitev and

L . . U .
local regularization method. In Figure 1, the relative errors of ~ Tk | Uaw and Uioc are shown for different error

_ s _ s
REI5 =IIf At means the relative error of f , and Rel“ means the

r=r(o)

levels of the noise data, where

relative error of regularization solution. In the experiment, all the regularization parameters
the ones that minimize the error of regularization solutions, i.e.,

are chosen as
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r(5)=argmin lu" —ull,
r>

r.o ) .
where U means the regularization solution uT'k, Uiav or Uioe . From Figure 1 we can see that the local
regularization method is better than the other two methods for numerical differentiation. When the relative error of
=10 . . .
noise data is Rel; 1/0, the regularization solutions uT'k, u Uioc and the exact solution Y are shown in
Figure 2, from which we can see that the local regularization method can reflect sharp variations of exact derivatives

Lav
ki

while suppress the noise effectively. As we know, the results of Uric near X=1 and Uiav near X=0 are terrible

_ _ . : : Rel, =1%
for solving Volterra integral equation (1.1), just as Figure 2 shows. When

selection strategy (3.13) approximately, and get the regularization parameter I 20-052, where the constants are
RIFFII
C=—1~t-5"

, We solve the a-posteriori

chosen as V 20-5, R+2 and R=0.1 As we shown in Figure 3, the result of the a-posteriori
selection strategy is acceptable, although it is not optimal.
Example 2 Consider a function

f (x) = sin((7x)"),

Y _ k k-1 k 5
where K is nonnegative integer, then it has u(x) = f'(x) =kz"x""cos((zx) ).The noise data F7(x) is
generated by the same way in Example 1.

In this example, the integer K reflects the oscillation of U(X), and the bigger values of k, the stronger

u

oscillations of u(x) . In table 1, the relative errors of uTik, Lav and Uboe are shown for different K when the

Rel, =5%

relative error of noise data is . From Table 1 we can see that the superiority of local regularization

method over the other two methods, and still the stability of Uioc with respect to different oscillations of F(x) .

Rel, =5%

When , the regularization solution Uroc and the exact solution U are shown in Figure 4 when k=2

and K= 4, from which we can see that the local regularization method can reflect oscillations of exact derivatives
well.

Figure-1. Relative errors of uTik , u'-a" and ULOC for different relative error levels Re|5 of the noise data
06 T T T T
o-Up
-~ U
05F Lav].
*+U o
0.4F 1
=
© 03r y
o
02F .
O 1 L L 1
0 0.02 0.04 0.06 0.08 0.1
Rel.
0
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Rel5 =1%
08 06 "
o ;

is -y, 08 ¥y
04 04
03 9 03
02 02
01 0

0 0
i a1 { J i A i i i {

0 02 04 08 08 0 02 04 08 08 o0 02 04 06 08 f

X X X
u ) Rel. =1% _ ) i . .
Loc for different I when g ,where ' = 0.052 s the solution of the a-posteriori selection

Figure-3. The relative error of
strategy (3.13)
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Table-1. Relative errors of uTik, Uiy and Uioc for different K when Re|5 B 5%.
k uTik uLav uLoc
k=1 0.1477 0.2722 0.0435
k=2 0.1443 0.2328 0.0492
k=3 0.1204 0.2229 0.0463
k=4 0.1068 0.1172 0.0575

Acknowledgement
This research was supported by National Natural Science Foundation of China (No. 11661008) and The
Graduate Student Innovation Funds of Gannan Normal University (No. YCX20A020).

References
[1] Demigny, D., 2002. "On optimal linear filtering for edge detection." IEEE T. Image Process, vol. 11, pp.
728-737.

[2] Xu, H. L. and Xiao, Y. H., 2018. "A novel edge detection method based on the regularized Laplacian
operation." Symmetry, vol. 10, p. 697.

[3] Li, J. P., 2005. "General explicit difference formulas for numerical differentiation.” J. Comput. Appl. Math.,
vol. 183, pp. 29-52.

[4] Wang, Y. B, Jia, X. Z., and Cheng, J., 2002. "A numerical differentiation method and its application to
reconstruction of discontinuity.” Inverse Probl., vol. 18, pp. 1461-1476.

[5] Murio, D. A., Mejia, C. E., and Zhan, S., 1998. "Discrete mollification and automatic numerical
differentiation." Comput. Math. Appl., vol. 35, pp. 1-16.

[6] Wang, Z. W. and Wen, R. S., 2010. "Numerical differentiation for high orders by an integration method." J.
Comput. Appl. Math., vol. 234, pp. 941-948.

[7] Huang, X. W., Wu, C. S., and Zhou, J., 2013. "Numerical differentiation by integration." Math. Comput.,
vol. 83, pp. 789-807.

[8] Ahn, S, Choi, U. J., and G., R. A., 2006. "A scheme for stable numerical differentiation.” J. Comput. Appl.
Math., vol. 186, pp. 325-334.

[9] Lamm, P. K., 2003. "Variable-smoothing local regularization methods for first-kind integral equations."
Inverse Probl., vol. 19, pp. 195-216.

[10] Lamm, P. K., 2005. "Full convergence of sequential local regularization methods for Volterra inverse
problems." Inverse Probl., vol. 21, pp. 785-803.

[11] Brooks, C. D. and Lamm, P. K., 2011. "A generalized approach to local regularization of linear Volterra
problems in spaces." Inverse Probl., vol. 27, p. 055010.

[12] Brooks, C. D. and Lamm, P. K., 2014. "A discrepancy principle for generalized local regularization of
linear inverse problems.” J. Inverse Ill-Posed Probl., vol. 22, pp. 95-119.

[13] Hoang, N. S. and Ramm, A. G., 2009. "A discrepancy principle for equations with monotone continuous
operators." Nonlinear Anal., vol. 70, pp. 4307-4315.

[14] Xu, H. L. and Liu, J. J., 2010. "Stable numerical differentiation for the second order derivatives." Adv.
Comput. Math., vol. 33, pp. 431-447.

[15] Xu, H. L. and Liu, J. J., 2013. "On the Laplacian operation with applications in magnetic resonance
electrical impedance imaging, Inverse Probl." Sci. Eng., vol. 21, pp. 251-268.

[16] Kirsch, A., 2011. An introduction to the mathematical theory of inverse problems. 2nd ed. New York:
Springer-Verlag.

[17] Golub, G. H., Heath, M., and Wahba, G., 1979. "Generalized cross-validation as a method for choosing a
good ridge parameter." Technometrics, vol. 21, pp. 215-223.

[18] Hansen, P. C., 1992. "Analysis of discrete ill-posed problems by means of the L-curve." SIAM Rev., vol. 34,
pp. 561-580.

[19] Nair, M. T., 1992. "A generalization of Arcangeli's method for ill-posed problems leading to optimal rates."
Integr. Equat. Oper. Th., vol. 15, pp. 1042-1046.

35



