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Abstract

A class of stable numerical differential algorithms is constructed based on the Fourier transform. The instability of
numerical differentiation problem is over came by modifying the integral ‘“kernel” in frequency domain. The
convergence of the approximate derivatives is ensured based on some reasonable assumptions of the modified “kernel”
function. The a-posteriori choice strategy of the regularization parameter is considered. Moreover, the convergence
analysis and error estimate of the approximate derivatives are also given.

Keywords: Numerical differentiation; Fourier transform; ill-posedness; regularization parameter.

1. Introduction

Numerical differentiation aims to compute the derivative of a function approximately, which has been used
extensively in image feature detection [1], magnetic resonance imaging [2], neural networks [3] and so on. The
analytical derivative method always cannot be used in practical issues because we only know the measured data of
the given function.

When the measured data contains some noise, the error of the calculated derivatives by finite difference method
maybe huge. In order to overcome the instability, some stabilization methods should be introduced. There have been
many works concerning on how to construct the stable numerical differentiation algorithms, such as the stable
difference method [4, 5], the regularization method [6-8], the Lanczos integral method [9-11], the mollification
method [12, 13], the method based on direct and inverse problems of pdes [14, 15] and so on.

) n
Let F(x)eL(R) be a real-valued function, F($) be its Fourier transform, i.e.,
~ 1 o0 i
f(&) =—=]_ f()e*dx
2z’ (1.1)
fOX)(k=12,-)

For the k-order derivative of f (X) , its Fourier transform is

k N
(&) = (1) (&)
Taking the inverse Fourier transform, we have

(k) _L Ok f iEx
F000 == [INGRGEH

(1.2)

o _ _ f(x _ _ f

In the digital signal processing, a function ( ) can be represented as a weighted sum of signals f(f)
N

Consider the numerical differentiation problem, the term (i5) can be viewed as an integral “kernel” for calculating

() -k
() , and the weights of the high-frequency components can be amplified by (i5) . Consider the noisy data

5 2
f7eLl(R) satisfying

o
10— fll<s, w3
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f(x
where Il is the L* -norm and the constant® >0 represents the noise level. The noise of ( ) in the high

H k
frequency components can also be amplified by the term (i5) , and a natural way to construct stable algorithms is to
filter the high-frequency components.

In this paper, a class of stable numerical differential algorithms is constructed based on filtering the high-
frequency components in (1.2). The convergence of the approximate derivatives is ensured based on some
reasonable assumptions of the kernel function. The a-posteriori choice strategy of the regularization parameter is
considered, and the convergence analysis of the approximate derivatives is also given.

The paper is organized as follows. In section 2, we construct a class of stable numerical differential algorithms
based on Fourier transform in frequency domain, and some different choices of the “kernel” function are also given.
The a-posteriori choice strategy of the regularization parameter and the convergence analysis of the approximate
derivatives are given in Section 3.

2. Numerical Differentiation in Frequency Domain
In this section, the approximate k-order derivatives are constructed by

K T Nk £ £\ aix 2
RT0)= = al@ &) F(§)e™de, f e L (R)
R“f (x)

In order to ensure the convergence of ~ ¢
Theorem 2.1 Assume that
g(a,&):R"xR—>R

is monotone decreasing with respect to & | and satisfies the following conditions.
@ 1@ ) ELi >0 gngé €R,

(2.1)

, we give the following conclusion.

(2) there exists a function C(a) satisfying
la(a, &) |-1&" < c(er)
for all ceR and every & >0.

limg(e, &) =1 £eR.

(3a) @0 for every

lim R:{f(x): f(k)(x) | R¥
Then it has =0 and o

MR ) 170 = £ ()

a=a(o)

<
I< C(a) . Moreover, it has

a(6) >0 c(a)d >0 550

if the choice satisfies

k
Proof: The operator R, is bounded since it has

IREFIE = [ a(e, £)(8) f (2 d& <c(a)?ll FIF =c(a)?ll fIP,

e Rl <c(a)

I £OIP =1 F9I7 = [ (&) £ (&) [ de

From we know that there exists M € N satisfying

M ; +o0 N 2
max{[ 1) F (@) dé. [, l6) f()F dey< %
for any € > O There exists %0 ~ 0 such that

|d(e, &) -1['<

_ &
R Al

for all ceC and O<a<a from the assumption (3). Thus, it has

I REF = £ 91 = [ (e, ) -1F1 (&) F(&) P dé =] laten &) -1[1 (&) F () F d&
1 e &) -1P1 (&) F O F d& + [ lat@ &) -1F1 () () de
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& &
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limR*f (x) = £ ©(x)
and then it has #—9 .
By the standard triangle inequality, it has

[REFO—FOI<IREFO—RFIHIRSf — fOll<c(a)sHIRET — £,

(2.2)
limR* . f2(x)=f®(x
thus 00 ) ( )if a(6) >0 and c(a)d —0 as 0 >0,
Il <M psk .
Theorem 2.2 Assume that P , , the assumptions (1) and (2) of the theorem 2.1 hold and (3a) be

replaced by

(3b) For all @ >0 ang ceR there exists &~ 0satisfying
|(@(e, &) -D)&" <™ L+ &M
Then it has
ke _ £ < phk
IRy f —f™lI<ca I fll, 23)
and

IR¥f° — f¥ll<c(a)s +cMa’™ .
Proof: From equations (1.2) and (2.1) we know that

IREF =9I = [ ", &) -1P1 () F (£ d&
=[Th@ o) -1P @™ 1 f©OF dg

k
ey ey fefae
1+&%)?
<cZa®P V|| £ 2.
Thus, it has
IR —fOll<ca® Il .
From equations (2.2) and (2.3) we know that
IR 2 — f®||<[| R £ —REF |4l R f — ¥l < c(@)5+cMaP ™.

Theorem 2.3 The following functions a(e. ) satisfy the assumptions (1), (2), (3a) and (3b) respectively:
(@)

LalSl<T
q(a. &) =
0, | >1.
1
cla)=—x% c, =1
In this case, (2) holds with @ (3b) holds with ™ ~ ™,
(b)
0@ &) = — ot
T L (@)
1
c(a)=-— _
I this case, (2) holds with 20" (3b) holds with & =1, when P <3K
(©
1
(@, &) =———F"
1+ (al&))
1
cl@) == _
In this case, (2) holds with a , (3b) holds with G _l, when p<2k
(d)
A, &) =e M,
1
cl@) == _
In this case, (2) holds with a , (3b) holds with G _l, when p<2k .
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Proof: (a) Consider the assumption (2), it is sufficient to consider the casea|§|_:L where

(e, ) H &l <~
(04

. For the assumption (3b), we only need to consider the case a|g>1

@@ &) -DE__1EF_operg o
@+ (@)
(b) The assumption (2) can be obtained by

L let 1
A e e o S5

For the assumption (3b), we consider in both cases algp 1and algls 1. In the case ¢ &> 1, it has
Q@)D | @™ e e
(L+&%)™ L+ (@)™ )@+&%)™
In the case & 1 |Sl, it has
qu_{;?z;j;)zgk | < gjglf)':/kz <a®*|aé P P<al

when 3k-p >0 . Thus, the assumption (3b) holds with G = 1.
(c) The assumption (2) can be obtained by

(@) = el 1

, it has

L+(@lg) ~a*
For the assumption (3b), we consider in both cases @ | S |> 1 and ¥ | S |S 1. In the case & | S |> 1, it has
|(q(aa§)2_];)2§k | _ o |k§ |2k — <o~ |§|2k7psap7k | |2k7pgap—k
1+&)° A+ (x| E))A+ET)°
when 2k—p>0

. Thus, the assumption (3b) holds with €= 1.
(d) The assumption (2) can be obtained by

(@ e = el Il 1

el Tl T at

For the assumption (3b), we similarly consider in both cases & 13 |>:I'andO‘ 13 |S1. In the case # 13 |>1, it
has

|(q(a!§)_1)§k | < |§ |k Sl 5 |k—ps ap—k.
TR L (S L

1
. e <—(x<1)
In the case ¢ | §|S1' by means of inequalities e" 214X gng 1-X it has
_1)&X k 2k
|(Q(a’§)2 /)25 |S o |2k§| — Sak |§|2k—psap—k |a§ |2k—P£ ap—k
1+£%)° 1-(a]&D™)A+E)P

when 2k—p>0

. Thus, the assumption (3b) holds with €= l.
. P+ IIimQ(x) =1
Theorem 2.4 Assume that Q(x):R" >R 0< Q(X) < 1, x—0 an

satisfies d
Q(x) < 1 x>1
X
Q(x)>1-x,x<1.

Denote (e, 8)=Q(al|¢ Dk}, then it satisfies the assumption (1) (2) (3a) and (3b) when p<2k .

Proof: The assumptions (1) and (3a) are obviously true. We only need to prove (2) and (3b) in both cases
a|§|>landa|§|S1.Whena|§|>1, it has

A 2 HOf(@ | €D =

and
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6 D] e prgart,
(1+&9)

When a|§|gland2k_ p>0

|9 &) H QU £t |< o<

e[ o

, it has

and
(@2, -DE | _ A-Qf(] €D £l e ot s o
(1+§2)P/2 < (1+§2)p/2 S(O{l(fl) |§| = |CZ§| <a".

3. The Selection Strategy of Regularization Parameter

. - . a, S . .

Consider the modified function q( 5) defined in the Theorem 2.4, we need to give the selection strategy of

regularization parameter & . Similar to the Morozov discrepancy principle, an a— posteriori choice strategy of
a(5)

the parameter is considered by solving the following nonlinear equation

G(a)=IM_f°—f°l=l(q(e,&)-D 2 (&)I=Cs,

3.1)
where C>0 0<y <1 C&” <IN
1 _
M fo(X)=—— a, &) fo(&)e dx.
700 @L@q( PING
It can be proven that the equation (3.1) has a unique solution as follows. In fact, it has
+M

G2(06)=j7M (Q(a,f)—l)z(f5(5))2d§+IR\[_M,M](Q(m5)—1)2(f5(5))20'5,

There exists M >0 satisfying

(@@ -0 @ de <2y (P @) e <0

for any©>0_ When @ is small enough, it has

+M
[, (@@= (f (&) de<s,
\ IimG(a)=0
and then Gz(a) < 20, ie., alﬁo (@) . Since
G* () f5||2=fR (@(a,8)-1)* -1)(F°(&))*d¢
M 2 5 2
=, (@@, &) -1 -D(17 (&) d¢
+ (@@ &) -7 (7 (©)0e,
lim G(a) =l °|l lim q(e, £) =0
it has @—=>* based on >+ and the similar discussion above. In addition, it has
' d + +00 8 ,
(G @) = [ (e ) -0 de = [ T2 8L g -1 6)7ae >0
Hence, the equation (3.1) has a unique solution.
1 1
aé)=——"7 da)=
In the following, we consider two different choices of 1+ (ag)Zk and l+(a§)k given
Q@8 =—

in Theorem 2.3. When 1+ (a‘f)Zk , it has

Theorem 3.1 Assume that foe LZ(R) satisfies|| f6||>5, the regularization parameter a =a(9) is

chosen by solving ”(q (@, &) -Df 6(5)” =0 , then it has

I 0= 10
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IRLCEPIVE

o/ RfO— f(k’II:O(éé), i+ Fel*(R)
Proof: Denote
3,(9) =1 6(8) - £ (O + a2 §(&)IP,
then it has
3,(9)-3,(M, £9) =1 §(&)— 2 ()IF +a* i) §(E)F - ((a(a, &) -1 * ()P
+a®Il g, £)E) 12 (£)IP)
=1 §(&) - a(a, &) F (&) + 2R((A(@, &) -D (&), 8(&) -, &) £° (&)
£2a*R(q(a, )& £2(8), (1) §(&) - (e, E)i&)" (&)
+a?i£) 4(8) - a(a, £)(E) PP
=1 (&) - a(er, OGN +a?(i8)* 6(8) - ala, )(i&) F E)IP
£2R((0(e, &) -D'FE) + 9(e, (@) ), 6(8) - 4, &) 1 (©).
(g) = Ja(Maf&), Vg e LZ(R) , and then
3, (M, F2)=62+a® I REFOIP <3, (f)
<[l f (&) - £ E)IP + i)« f ()P

<&+ IR,

Hence, it has ‘]a

Kfo| <l f®
i_e_,ll REFOI<If ||_V\/ehave

IREFS = £OIP =1l q(er, )1 £°(&) - ()" (O
=l q(a, )1 £ (&)l -2R(a(a, )1 £°(£), (i) f (£)+lIiH)* f (£)IP
<2%((8)" £ () - a(e. )(18) £2(8). (1) £ (£)).

Let 0>0pe arbitrary constant, since Hk(R) is dense in LZ(R), there exists Z € Hk(R) such that

0
lz—f®ll<=
, then it has

IREF2— O <20((i&)* f (&) —ale, E)(I&)* F2(£), (iE)* f (&) -2(8))
+2R((1E)" f (&) —ala, E)(i&E)* £2(£),2(&))
s?ll REFO— £ @420 2901 f (&) - £2(&)HIL—a(er, &) 2 (&)

20
< ?II RO — f O+ 45l 2.
The above inequality can be rewritten as

N \2
(IR F9 = £y <2 1 a5] 2%
3 9 (3.2)

N2
0
oll zMl < = Kes €K«

— <
When 9>0 is so small that 9in (32), it has|| Rif - f"l<o

: k 5§k
!;ﬂgRa(s)f =f

, and then

)
In addition, from J“(M“ %)< Ja(f) we know that
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I(a(er, &) =1) F°IP + ™| R £9 — £ ®|2
<IIf (&)= £7(E)P+ (i) f (&) - R £7(E)I+a™ IR F%(&)- (i€) f(&)IP
<5+ 22Ii€)* £ (&) - 2™ R((i£)" f (&), q(a. &))" £°(&))
=5 + 2™ R(([i€)" £ (£), (i&)" T (&) - a(ar, &))" £°(&))
<52+ 2o (i)™ f (&)1 (1 f (&) - P ata, £) 1)

<52+ 4521 £,

Thus, it has
IR F2— fOIR <451l £ 9,

1
kg6 ) 2
o IREE = £¥lI=0(s7) 0
1
q(a, &) =
When 1+ ( é:) , it has
) 2 5
Theorem 3.2 Assume that I pr =M wherek< p<2k, frel (R) satisfies Co” <l 7l

a=a(d)

C>0 ang O<y<1 , the regularization parameter is chosen by solving (3.1), then it has

ming—y 2% 3

IR¥f° - fOI=0(5 k),
Proof: From equation (3.1) we know that

(e, &) -1 ol = "I|M|I—aIIR £ol=Co,

1+ (a| €))"
Moreover, we have
)
IR £l <l REES —REflhell RS <2 £ o= IR iy oy
at C

IR Fol e —S £
i.e., C-o Then, it has
& IR, £

k - 1-y
a C C-o6
Notice that

I £2l-Co” =If°l-l(ale, &) -1 f ol <l a(e, &) F 2.
REf? RCF?
Denote the inverse Fourier transform of the regularizing solution "'« " as @ | we define
R¥f°
A (&)= =0, §) F°(8).£#0,
(i£)"
then it has
1A, ©lI=1a(a, &))" £ (&)l
A=) =] F (x)dx.
nd —®

For a suitable constant 0> 0 , it has

I (e &) P () = [ (R F©y

T RGANGC) -

)’d¢

< 20(9(0)? +1)+—||R f oI

<20(f°(0)? +1) + 1 Cﬁy).
a

Thus, it has

where
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1 ¥
(f21-C87)* <l q(a, &) 7 (&I < 20( £ (0)° )+ Cjk )2,
i.e.,
ok < Co7
V4
ok\/(ll fﬁll—Cy)z—2c‘>(f5(0)2+1)+% Cik)z
0 a
From Theorem 2.2 we know that
ming1-7. 2%}

IR - 19< 2y MaP* =0 k),
(04

4. Conclusions

A class of stable numerical differential algorithms is constructed by modifying the integral ‘“kernel” based on
the Fourier transform in frequency domain. Some different choices of the modified kernel function are given. The a-
posteriori choice strategy of the regularization parameter and the convergence analysis of the approximate
derivatives are also given.
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